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ABSTRACT. We prove a scaling limit for globally centered discrete snakes on
size-conditioned critical Bienaymé trees. More specifically, under a global finite variance
condition, we prove convergence in the sense of random finite-dimensional distributions
of the head of the discrete snake (suitably rescaled) to the head of the Brownian snake
driven by a Brownian excursion. When the third moment of the offspring distribution is
finite, we further prove the uniform functional convergence under a tail condition on the
displacements. We also consider displacement distributions with heavier tails, for which
we instead obtain convergence to a variant of the hairy snake introduced by Janson and
Marckert. We further give two applications of our main result. Firstly, we obtain a
scaling limit for the difference between the height process and the Lukasiewicz path of
a size-conditioned critical Bienaymé tree. Secondly, we obtain a scaling limit for the
difference between the height process of a size-conditioned critical Bienaymé tree and
the height process of its associated looptree.

1. INTRODUCTION

We consider a branching random walk whose genealogy is given by the family tree of a
Bienaymé branching process (which we refer to as a Bienaymé tree) conditioned to have n
vertices. We assume that the offspring distribution p = (px)g>0 is critical and has finite,
non-zero variance, so that the genealogical tree has the Brownian continuum random tree
as its scaling limit.! Each vertex of the tree is endowed with a spatial location in R:
the root is fixed to be at 0; for every other vertex, its location is obtained via a random
displacement away from the location of its parent. The random displacements of children
of distinct vertices will always be independent but, in general, the displacements of siblings
may be dependent and may, moreover, depend on the vertex degree. For a vertex v with k
children, the distribution of the vector of displacements from v to its children is denoted
by vg. In the sequel, Y3, = (Yi1,...,Yrr) always denotes a random vector with law vy.
In this paper, we explore conditions on p and v = (v)i>1 such that the whole object
converges to a Brownian motion indexed by the Brownian tree.

A convenient formulation is via the notion of a discrete snake. We imagine exploring
the vertices of the tree one by one in depth-first order (we shall give precise definitions in
Section 2 below) and record a list of the spatial locations of the ancestors of the vertex
we are currently visiting. In other words, the snake is a process taking values in the set of
finite random walk paths (one should imagine it wiggling around as we explore the tree!).
In fact, it turns out to be sufficient for many purposes to track the spatial location of
the vertex that we are visiting only: this gives the so-called head of the discrete snake,
which is our primary object of interest. We aim to prove convergence, after an appropriate
rescaling, of the head of the discrete snake to the head of the Brownian snake driven by
a normalised Brownian excursion (BSBE), first introduced by Le Gall [23, 24]. This is a
stochastic process (e,r) = (e, rt)o<t<1 taking values in Ry xR, such that e is a normalised
Brownian excursion and, conditionally on e, the second coordinate r is a centered Gaussian

ITo avoid technicalities, we shall also assume that the support of o has greatest common divisor 1, so
that the event that the tree has size n has strictly positive probability for all n large enough.
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process with covariance function

cov (rs,ry) = min _e,. (1.1)
u€E[sAt,sVt]
Let us give some interpretation. For any pair of vertices in the Brownian tree, encoded by
s,t € [0,1], having heights es and e;, the spatial locations along their genealogical paths
evolve as a common Brownian motion until their most recent common ancestor (which
lies at distance min,c[sns,sv¢ €u from the root) is reached, and they evolve as independent
Brownian motions thereafter.

The problem of proving convergence of rescaled discrete snakes to the BSBE has been
studied by a number of authors, under a wide range of different conditions on p and
(Vg )k>1. We shall give a review of the literature after we state our main results.

In order to obtain a Brownian limit for the displacements along a lineage, we require
appropriate centering and moment conditions, which we now explain. Let £ be a random
variable with distribution p and let ¢ be a size-biased version, that is, having distribution
A= (fig)k>1, where for all £ > 1,

A = S
E[¢]

(Recall that the offspring distribution p is assumed to be critical, so that E[{] = 1.)
Conditionally on &, let Yz = (Yg‘,p e ,Yg}g) be vg-distributed and, independently, let Ug

be a Uniform([{]) random variable (where [m] := {1,2,...,m}). Then we say that the
discrete snake is globally centered if

= kp.

E [YEst‘] =0
In other words, the expected displacement of a uniform child of a vertex with a size-biased
number of offspring is 0. We define the global variance to be

2. 2
F=E [Y&UJ ’

and will prove our results under the condition that 2 < co. Since distances in the tree
scale as n'/2, the spatial displacements along a lineage will then scale as nl/4,

1.1. Main result. Denote by T,, a Bienaymé tree with offspring distribution p, condi-
tioned to have n vertices. Write v(T,) for the vertex set of T, and 9T, for its set of
leaves. Conditionally given T, let Y = (Y, v € v(T,) \ 0T,) be independent random
vectors, such that if v € v(T,) \ dT, has k children then Y(*) has distribution v;. Endow
the vertices of T, with spatial locations using the displacement vectors Y () as described
above. We call the pair T,, = (T,,,Y) a (, v)-branching random walk conditioned to have
n vertices, or simply a (u, v)-branching random walk.

Let H,, = (Hy(i))o<i<n and fIn = (ﬁn(i))ogigzn be the height and contour processes
of T, respectively. Let R, (i) be the spatial location of the i-th vertex visited in a depth-
first exploration of T,,. We call the process (Hy, R,) the head of the discrete snake (see
Section 2 for a careful description of this). We may alternatively encode the endpoints
of the random walk trajectories using the process (ﬁ[n,ﬁn), where ﬁn(z) is the spatial
location of the i-th vertex visited in a contour exploration of T,,. (Compared to (H,, Ry,),
this simply revisits some vertices.) We interpolate all of these functions linearly between
integer times which turns H,, and R, into elements of C([0,n], R) and turns H,, and R,
into elements of C(][0,2n],R).

We use two different notions of convergence for a sequence of random elements ( f,,),>1 of
C([0,1],R) such that f,(0) = f,(1) =0 for all n > 1. Let Uy, Us, ... be 1D Uniform([0, 1])
random variables, independent of everything else. For k > 1, write U(kl),...,U(kk) for
the order statistics of Uj,...,U;. For another random element f of C([0,1],R) such
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FIGURE 1. Top: a (rescaled) discrete snake; bottom: its head. The under-
lying tree is a size-conditioned Poisson(1) Bienaymé tree with n = 25000
vertices and deterministic displacement distributions given by (1.5), below.
The area under the contour process of the underlying tree is illustrated by
the gray shaded region.

that f(0) = f(1) = 0, we say that f, 4, f in the sense of random finite-dimensional
distributions if, for every k > 1,

(Fa(UE)), - FaUS)) =5 (FWUR). -, F(UL)

as n — o0o. (We will discuss our choice of this notion of convergence in more detail below.)
We will also use the stronger notion of convergence with respect to the topology generated
by the uniform norm.
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Theorem 1.1. Let ;1 = (pug)r>0 be a critical offspring distribution with variance o? ¢
(0,00). If v = (vk)k>1 is such that

[A1] E [YgUJ —0 and B?=E [YE } < o0,

then as n — oo the following joint convergence holds in the sense of random finite-
dimensional distributions:

Hy(nt) Rp(nt) Hn(2nt) R,(2nt a (2 5 9 5
( \/(ﬁ ), n1(/4), \(/ﬁ ), n(1/4 )) — (Uet,ﬂ El‘t,get,ﬁ Urt> .
0<t<1 0<t<1

(1.2)
The convergence (1.2) holds in distribution in C([0,1],R*) endowed with the topology of
uniform convergence if, additionally,

[A2] P {1@?2(5 |Yeil > y} =o(y ) asy — oo and E [¢*] < o0.
_1/_

Theorem 1.1 follows immediately from Corollary 4.2 and Proposition 5.1 below.

Let ®,,(i) be the random walk trajectory associated with path from the root to the
i-th vertex visited in the contour exploration of T,,, for 0 < ¢ < 2n. Then (ﬁn, ®,,) is the
discrete snake driven by H,. By the homeomorphism theorem of Marckert and Mokkadem
(Theorem 2.1 of [31]), Theorem 1.1 entails also that (H,, ®,) has the BSBE as its scaling
limit; see Figure 1 for an illustration.

By [12, Corollary 2.5.1] and [30] it turns out that the convergence of the parametrisations
of the head of the snake via the height and contour processes are essentially equivalent.
In particular, in order to prove Theorem 1.1, it suffices to show that, under assumption

[A1], we have
Hp(nt) Rp(nt 2 2
( \/(77’1,2 )7 1(;1 )) i> (O_etaﬁ O'rt> ) (13)
n 0<t<1 0<t<1

as n — oo in the sense of random finite-dimensional distributions, and in C([0, 1], R?)
endowed with the topology of uniform convergence under the additional assumption [A2].

It is not clear to us whether the requirement that E [§3] < o0 in [A2] is necessary or
just an artefact of our approach to proving tightness. We shall see in the next subsection
that the tail condition in [A2] is necessary.

1.2. Necessity of the tail condition. If we adjust assumption [A2] to allow for heavier
tails, displacements start to appear near the leaves which are not negligible in the limit.
In this case, one can no longer expect a continuous limit process. Furthermore, since the
displacements from a vertex with k£ children need not be independent, in this setting the
limit depends on the joint distribution of the displacements from a vertex to its children.
To state our convergence result in this case we introduce a further assumption, [A 3] below.
For k > 1 and j € [k] denote by

kaj =Y, V0 and kaj = (=Yk,;) VO,

the positive and negative displacements of the j-th child of a vertex with &k children,

respectively. Further let Y, := (Y,:r]) jeir) and Yo = (V) jeqm-
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Suppose that E [{3} < 00. Furthermore, suppose that there exists a Borel mea-

sure 7 on R? \ {(0,0)} such that for any € > 0, both 7(R4 x (g,00)) < o and

7((e,00) X R}) < o0, and there exists n € [0,2) such that for all Borel sets
[A3] ACRZ\{(0,0)} for which 7(9A) =0,

rA=np {1 (max Y;", max Y‘) € A} — 7(A)

r\i<i<e &P 1<i<e &1
as r — oQ.

Remark 1.2. Observe that [A3] implies that the projection of m onto either of its coor-
dinates has no atom in any x > 0. To see this, we argue by contradiction. Fix T > 0.
Without loss of generality, assume that m({z} x Ry) = § > 0 for some z > 0. We
show that this implies that m((x/2,00) x Ry) > T', which contradicts the requirement that
m((z/2,00) x Ry) < oo because T > 0 was chosen arbitrarily. Fiz 0 < € < x/4 small
enough that 5| | > T and 1({x —e,x +e} xRy) = 0. Define Ag = (v —¢,x+¢), so that
by [A3],
rinp {1 max Y, € A()} — m(Ag xRy) > 9§ asr — oo.
ri<i<e ©

Then, letting J = | | —1, for j € {1,...,J}, we can find 0; € (0,1] such that A; := 0;(x—
g,x+¢e) C (x—(2j+1)e,x—(2j—1)e) and w({0j(x—¢),0;(z+¢e)} xR;) = 0. By definition,
Ao, ..., Ay are pairwise disjoint, and by our choice for J, Up<j<jA; C (x/2,x +¢€), so
T((2/2,00) x Ry) > 3 0<;j<ym(Aj x Ry). Moreover, setting r = 0;s in the above limit
shows that

1 _
s7P {Sllzl?icgﬁgt €b(x— 6,1:+6)} — 9;7 r(Ag x Ry) > 6 as s — oo.

But [A3] implies that

1
4-n - + (o .
s P{Sg%xg}’ﬂe@(x €,$+€)}—>7T(A]XR+)7

so m((x/2,00) x Ry) > (J +1)0 > T, which implies the claim.

Under assumption [A3] we prove convergence results for the head of the discrete snake
in the space of non-empty compact subsets of [0,1] x R equipped with the Hausdorff
topology. In what follows, for a continuous function f : [0,1] — R and a set S C [0, 1] x
R2 \ {(0,0)}, write U(f, S) for the union of the graph of f and the vertical line segments
[(t, f(t) =), (t, f(t) + )] for each (t,z,y) € S. The next theorem relates to the case n =0
in [A3].

Theorem 1.3. Let 1 = (ug)k>0 be a critical offspring distribution with variance o €
(0,00), and let v = (vg)r>1 be such that [A1] holds and [A3] holds for a given measure m
with n = 0. Then, taking E to be a Poisson process on [0,1] x R2 \ {(0,0)} with intensity
dt @ 7(dz,dy), we have

() o (i) = (G o (o))

as n — oo, where the convergence in the first coordinate is in C([0,1],R) endowed with
the topology of uniform convergence, and the convergence in the second is in the space of
non-empty, compact subsets of [0,1] x R endowed with the Hausdorff topology.

We refer to the object on the right-hand side of (1.4) as the hairy tour, in keeping with
the previous work of Janson and Marckert [18].

When 7 € (0,2), the large jumps dominate the smaller ones to such an extent that, in
the limit, we obtain a pure jump process.
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Theorem 1.4. Let ;1 = (pug)r>0 be a critical offspring distribution with variance o? ¢
(0,00), and let v = (vg)g>1 be such that [A1] holds and [A3] holds for a given measure
7 with n € (0,2). Then, taking = to be a Poisson process on [0,1] x R% \ {(0,0)} with
intensity dt ® w(dx,dy), we have

((H%Lt)>ogt§17 I <m@>> d, ((iet>0§t§, U(O,E)),

as n — oo, where the convergence in the first coordinate is in C([0,1],R) endowed with
the topology of uniform convergence, and the convergence in the second is in the space of
non-empty, compact subsets of [0,1] x R endowed with the Hausdorff topology.

In contrast to Theorem 1.1, in Theorems 1.3 and 1.4 we need the condition E [53] <
oo not just for tightness but also for the convergence of the random finite-dimensional
distributions. The reason for this is that we apply a quantitative local central limit theorem
which requires a third moment on the offspring distribution. (See Theorem A.3 for the
precise statement.)

The fact that we obtain a continuous function decorated by intervals in both Theo-
rems 1.3 and 1.4 is really an artefact of the choice to interpolate R, linearly between
integer times. Indeed, the endpoints of the intervals capture the asymptotic behaviour of
the two extremities of the displacements away from vertices, but tell us nothing about how

the “point process” of displacements in between behaves. If we instead consider the graph
of (Rn(LntJ))

ntt ) o<i<i
there are, in fact, many possible behaviours. We will not undertake any sort of exhaustive

classification here, but let us give a couple of illustrative examples.

Suppose first that the displacements are simply 11D copies of a random variable Y such
that, for some Borel measure 7 on Ry \ {0} such that for any ¢ > 0, 7((g,00)) < o0,
we have 1P {Y € rA} — n(A) as r — oo for every Borel set A C R\ {0} such that
7(0A) = 0. Then we will not, in the limit, observe two or more ©(n'/*4) displacements
away from the same vertex of T, (nor, indeed, from vertices at distance o(n'/?) from one
another), and so we just obtain the graph of r decorated by isolated points which occur
as a Poisson process of intensity dt @ m(dy) on [0,1] x R\ {0}.

On the other hand, suppose that we have the following deterministic displacements:

in the case where we do not have P {maxi<;<¢ |Yei| >y} = o(y™)

2
Yyj=0——(k—j)for 1<j<k. (1.5)
o

These displacements have a particular significance, which we will discuss in the next sub-
section. For the moment, let us just observe that it is straightforward to check that they
are globally centered and of finite global variance whenever the offspring distribution is
critical and admits a finite third moment. Suppose that there exists a Borel measure m;
on (0,00) with m((g,00)) < oo for all € > 0, such that r*P {¢ € rA} — 71(A) as r — o0
for any Borel set A C (0,00) with 71(0A) = 0. Then all of the children of a vertex with
O(n!'/*) children will have ©(n!/*) displacements which are regularly spaced with spacing
2/0. Again, with high probability, we will not see two vertices of degree @(nl/ 4) within

distance o(n'/2) in T,. So in the limit for the graph of (%%D)M .
n 7t7

tions driven by a Poisson process on [0, 1] x R4 with intensity dt ® m(dz) such that when
we observe a point (¢, z) of the Poisson process, we attach the whole interval [—2z /0, 0] to
the graph of r at t.

we will see decora-

1.3. Related work. As mentioned earlier, versions of the topic studied in this paper have
received extensive attention in the literature. One reason for this is that discrete snakes
play a crucial role in the study of random planar maps; see [1, 2, 8, 25, 29, 34].
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The earliest discrete snake convergence results were proved in models with a fixed off-
spring distribution. Chassaing and Schaeffer [8] treated the setting of a Geometric(1/2)
offspring distribution (which results in uniformly random planar trees) with 11D displace-
ments uniform on {—1,0,1}. Marckert and Mokkadem [31] treated the same offspring
distribution, but where the displacements away from a vertex all have the same centered
marginal distribution (but may depend on one another) with a 6 + ¢ moment. Gitten-
berger [13] later generalised these results to critical, finite variance offspring distributions
with centered (but not necessarily 11D) displacements having finite 8 + ¢ moment.

Work on the 11D displacement case culminated in a paper of Janson and Marckert [18]
which established the following result.

Theorem 1.5 ([18], Theorems 1 and 2). Let 1 = (ug)r>0 be a critical offspring distribution
with variance 0% € (0,00) such that p has a finite exponential moment. For each k > 1,

let vy, be the law of a vector of k 1ID copies of a random variable Y with E[Y]| = 0 and
E [Y?] = 82 € (0,00). Then

H,(2nt) R,(2 2 2
TZ( nt)v Rn( nt) d> *etaﬁ —TI (16)
Vn nt/4 o o
0<t<1 0<t<1

as n — 00, in the sense of finite-dimensional distributions. The convergence also holds in
distribution in C([0,1],R?) endowed with the topology of uniform convergence if and only

if

P{|Y|>y} =0y asy — 0. (1.7)

The finite exponential moment condition on the offspring distribution has subsequently
been shown to be unnecessary, and may be weakened to a finite second moment assump-
tion; see, for example, Marzouk [33]. Our Theorem 1.1 recovers this theorem under the ad-
ditional assumption of a finite third moment for p (and replacing convergence in the sense
of finite-dimensional distributions in the first statement with random finite-dimensional
distributions).

Janson and Marckert [18] also considered what happens in some of the “heavy-tailed”
cases for which the tail condition P {|Y'| > y} = o(y~?) fails. In particular, they considered
the setting in which

P{Y >y} ~ay ™% P{Y <—yl~ay? asy— oo

for some constants a4,a— > 0 and g € (2, 4], and prove analogues of Theorems 1.3 and 1.4
in such cases. They call the limiting object in this setting the hairy tour, and the associated
snake the jumping snake. Their results were an important inspiration for Theorems 1.3
and 1.4.

Marzouk [33] later extended Janson and Marckert’s results in [18] to the situation where
the offspring distribution is in the domain of attraction of a stable law, and the displace-
ments are IID.

Returning now to non-11D displacements, there are several notions of centering and finite
variance which have been imposed in order to obtain convergence to the BSBE. Marckert
and Miermont [29] worked under the “local centering” assumption that E [Y}, ;] = 0 for all
1 < j < k. For multi-type Bienaymé trees, [2] establishes convergence of discrete snakes
under assumptions that impose in particular that the displacements away from vertices of
each type are centered.

Most closely related to our results is a paper of Marckert [32], which proves the following
theorem.
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Theorem 1.6 ([32], Theorem 1). Let 1 = (p)x>0 be a critical offspring distribution with
po + 1 < 1 and with bounded support. Suppose further that v = (v)g>1 s such that

E [YE,UJ =0 and B*=E [YE%UJ < 00,
and that there exists p > 4 such that

sup  E[|Yy; — E[Yy ][] < cc.
1<j<k<K

where p is supported by {0, ..., K}. Then, as n — oo,
H,(nt) Rp(nt) H,(2nt) R,(2nt) a (2 \/5 2 2
( \/ﬁ ) n1/4 ) \/ﬁ ) n1/4 ere — getaﬁ ;rta gebﬁ grt

in C([0,1], R*) endowed with the topology of uniform convergence.

0<t<1
(1.8)

The boundedness condition is a necessary requirement of Marckert’s proof technique,
which is a tour de force involving tracking very detailed information about the number of
vertices of each possible different degree along a lineage, which converge on appropriate
rescaling to a Gaussian field. Our approach removes the boundedness requirement, but
we do not obtain such fine information on the limit object.

Finally, we mention a forthcoming work of Duquesne and Rebei [10], which proves limit
theorems for snakes whose jumps are centered and sibling-independent and such that the
underlying family tree converges to Lévy trees. Our understanding is that the results and
technique of [10] are rather different from those of the current work.

1.4. A first application. One nice consequence of Theorem 1.1 is a strengthening of
a result of Marckert and Mokkadem [30], concerning the difference between the height
process, H,, and the Lukasiewicz path, here denoted by W, (and formally defined in
Section 2) of T,,. It is proved in [30] that if £ is critical with variance o2 € (0, 00) and has
a finite exponential moment, then

H,(2nt) Hy(nt) Wp(nt) ER (ze 2. Ge)
) 9 —Ct, —¢C¢, 1
NLD Vn NLD o<tz o o 0<t<1

as n — oo in C([0,1],R3). (As mentioned after Theorem 1.5, the finite exponential
moment condition is unnecessary and may be removed; see Duquesne [11] for this result
in the context of trees rather than snakes.)

Moreover, under the same assumptions, [30] establishes that, for any ¢ > 0, there exists
~ > 0 such that for n > 0 sufficiently large

P{ sup
0<i<n

It is natural to conjecture that, under suitable conditions, the difference varies precisely
on the order of n'/4. We are able to prove this conjecture in a large degree of generality. It
turns out that the difference (o H,, (i) —20 ='W, (i),0 < i < n) evolves precisely as the head

of a discrete snake (see Lemma 2.1 for a proof of this fact). The relevant displacements
are given by Yy, ; = 0 — (2/0)(k — j); this formula already appeared at (1.5). We have

o H, (i) — 2071 W, (4)

> nl/“*f} < exp (—yn°).

o0

e k 00 _ 02
ZMkZE[Yk,j] :Z'U’kz (J_i(k_j)> :Zuk (O—k_k(kal)> :0._; =0,
k=1 j=1 o1

k=1 j=1
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so that the associated discrete snake is globally centered. Moreover, the global variance is

9] k 9] k 9 2
S B =Y Y (7 20-5)
k=1 Jj=1

k=1 j=1

_ i”k <02k; —k(k — 1)+ —2 ek — 1)(2k — 1))

2
P 3o
= i(E (] -1) = (6* +2)
302 ’
which is finite provided that E [53] < oo. Also,

2 —4
P { e Ve > o p =P {Jo - 2= 1| vos o} —o)

as y — oo if and only if P{¢ >y} = o(y~*) as y — oo; moreover, the latter condition
implies E [53] < 0o. We obtain the following corollary of Theorem 1.1.

Corollary 1.7. Let i = (ur)k>1 be a critical offspring distribution with variance % ¢
(0,00). Let B> = H(E[€3] — 1) — (62 +2). Then

— 302

H,(nt) oH,(nt) — 20~ "W, (nt 2 2
< ”(n )a ? n(n ) 1/04— n(n )> i) (o_etaﬁ O_rt> )
n 0<t<1 0<t<1

Vn
as n — oo in C([0,1],R?) if and only if P{£ >y} = o(y™*) as y — .

The necessity of the condition P {¢ > y} = o(y~*) as y — oo follows from a straightfor-
ward argument concerning the largest degrees, which we defer to Lemma A.13 below.

Let us observe that, while Corollary 1.7 concerns the difference between the height
process and the Lukasiewicz path, the joint convergence in Theorem 1.1 can be used to
prove an analogous result for the difference between the Lukasiewicz path and the contour
process encoding of the head of the same discrete snake. (We leave the details of this
statement to the reader.)

In the case where £ is bounded, Marckert’s result (Theorem 1.6) applies, so the corollary
is new only in the case of unbounded offspring distributions. In an earlier paper [28], Mar-
ckert had already observed that the difference between the left and right pathlengths (also
known as the imbalance) of a size-conditioned Bienaymé tree with offspring distribution
to = po = 1/2 converges in distribution after rescaling to 2l/4g , where S = fol ridt. We
note that such trees are binary, and recall that the left pathlength (resp. right pathlength)
of a vertex v is the number of vertices in its ancestral lineage who precede (resp. succeed)
their siblings in the lexicographical order. The left (resp. right) pathlength of binary trees
is then the sum of the left (resp. right) path lengths over all vertices in the tree. Jan-
son [15] later used the method of moments to give an alternate proof of this convergence
in distribution.

It can also be the case that the sequence (n~Y*maxo<i<p |0 Hy (i) — 207 "Wy (i)])n>1
is tight without converging in distribution to the maximum modulus of the head of the
BSBE; indeed, by Theorem 1.3, if r*P {¢ € rA} — 7w(A) as r — oo for all Borel sets
A such that 7(0A) = 0 and a Borel measure 7 on Ry \ {0} such that for any ¢ > 0,
7((e,00)) < o0, then it is possible to prove that n~Y*maxg<i<y |0 H, (i) — 20~ W, (i)
converges in distribution to the maximum modulus of the appropriate hairy tour. If, on
the other hand, we have r*~"P {¢ € rA} — 7(A) as r — oo for some n € (0,2), then
Theorem 1.4 yields the convergence

n~ V=) nax |oH, (1) — 20—1Wn(i)| <4 L,
0<i<n
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where P {L < ¢} = exp(— [;° m(x)dz) is the probability that no point of a Poisson point
process of intensity ditw(dx) on [0, 1] x R4 has second co-ordinate greater than £.

1.5. A second application. A second consequence of Theorem 1.1 concerns the differ-
ence between the height process of T, and the height process of the corresponding looptree.
The looptree corresponding to T,,, denoted by T, is the connected multigraph obtained
by replacing the edges from a vertex to its children by a cycle going through the parent
and all of its children in order (whose length, therefore, equals its number of children plus
one). See Figure 2 for an illustration. (It turns out that it is possible to make sense of a

continuum analogue of this notion, as proved by Curien and Kortchemski [9].)

D

FIGURE 2. In the top left figure, a tree, and in the bottom left figure its
corresponding looptree. The top-right figure serves to aid in understanding
the construction, and the bottom-right figure illustrates how distances are
calculated in the loop-tree.

Vertices in the original tree naturally correspond to vertices in the looptree. Let
v1,...,U, be the vertices of T, listed in lexicographical order. We define the height
function of the looptree, denoted H; : [0,n] — R, to give the graph distance between
the root and each of the vertices in the looptree, visited in the order vy,...,v,. This is
the height process (in the usual sense) of the spanning tree of the looptree made up of
the union of the geodesic paths from each of its vertices to the root. Formally, using the
Ulam-Harris notation (see Section 2 for details) for 0 <i <mn —1 let

H2(i) = > min{j, ¢(u, Tp,) + 1 — 5},
(u,uj)ee(Tn) : uj=vit1

where for u € v(Ty,), c¢(u, T,) denotes the number of children of v in T,. Finally let
Hy(n) =0, and extend the domain to [0, n] by linear interpolation. For ¢ € R, it is readily
seen that the difference (cHy, (i) — H;(7),0 < i < n) evolves as the head of a discrete snake
whose displacements are given by

Y =c—min{j,k+1—j}.
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Moreover, if we fix ¢ = 1E [¢*] + 4 + 1P {¢ € 2Z + 1}, then

[e.o]

00 k k
E:MEZED%A:E:MEZ@—mmU%+1—ﬁ)
k=1 j=1 j=1

Lk/2]

k
ck —2 Z P — [ -‘ 1jcoz 1]

1
Mk <ck ( > - 41[kezz+1]>

—c—fE I —i—fP{EEZZJrl}
=0,

E&‘
—_

so that the associated discrete snake is globally centered. Moreover, the global variance is

00 k
> Y E[Yiy) (1.9)
k=1  j=1

o

k
pe Y (c—min{j, k+1—j})?

k=1 j=1
00 [k/2] 512
= Z C k‘ — C/{ + 1) — *l[kEQZ_H] +2 Zl 1+ ’72-‘ 1[k62Z+1}

E [¢3] 1 §
=2+ 1[2 -|-<4—2>E[£2]+6—6+E[<§2+§+4 c> 1[§e2z+1]]
— B2; (110)

which is finite provided E [63] < 00
Finally,

> ko1 K k1 ¢
—Z k(62k+k< >(6+6C>+(12+3+42>1[ke2Z+1])
k_

P{max Ve >y} — P {le— [¢/2]| Ve —1] >y} = ofy ™

1<i<

as y — oo if and only if P {¢ > y} = o(y~*) as y — oo and, moreover, the latter condition
implies E [53] < 0o0. We obtain the following corollary of Theorem 1.1.

Corollary 1.8. Let i = (ur)k>1 be a critical offspring distribution with variance % ¢
(0,00), and let £ be a random variable with distribution p. Let ¢ = TE[€?] + 1 +
1P {€ €2Z+ 1} and B2 be as in (1.9). Then,

H,(nt) H(nt) cHp(nt)— Hg(nt) (2, )
( VT ni/A >0§t<1 ( by \fﬁ t> , (111

0<t<1

as n — oo in C([0,1],R3) endowed with the topology of uniform convergence if and only
fP{E>y}=o(y™") asy — oco.

Again, the proof of the necessity of the condition P {¢ >y} = o(y~?) is deferred to
Lemma A.13.
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Analogues of this result also hold in the settings of Theorems 1.3 and 1.4. Even the
functional convergence for the height process of looptrees of Bienaymé trees, expressed in
the second coordinate of (1.11), is new, although pointwise convergence was proved by
Kortchemski and Marzouk [21]. (The convergence of looptrees in the Gromov-Hausdorff
topology was proved in [22] via spinal decomposition (see Theorem 1.2 and the generic case
in Corollary 1.4 for the application to maps), and convergence in the Gromov-Hausdorff-
Prokhorov topology was shown in [20, Theorem 15].)

1.6. Overview of the proofs. We will prove weak convergence of the head of the snake
by making use of the following variant of the usual formulation of weak convergence for a
sequence of random continuous functions. (This formulation is inspired by Theorem 20 of
[4], and can be proved by essentially the same method as the second proof of Theorem 7.5

of [6].)

Proposition 1.9. Let (fn)n>1 and f be random elements of C([0, 1], R) such that f,(0) =
fn(1) = 0 for every n > 1 and f(0) = f(1) = 0. Let Uy,Us,... be 1ID U[0,1] random
variables, independent of (fn)n>1 and f. For k > 1, write U(kl)’UfQ)""’U(kk) for the
values of U1, Us, ..., Uy written in increasing order, and set U(%) =0 and U(kk+1) =1.

Suppose that for each k > 1 we have

d
(ST Fal0)) =5 (PR, F(UG)) (1.12)
as n — oo, and that for any e > 0,
lim limsup P ¢ max sup |frn(s) — fu(t)] > p =0. (1.13)
k—o0 n—oco Oglgksth[U@yU@H)]

Then f, 4, f asm — oo, for the topology generated by the uniform norm on C([0, 1], R).

We will refer to assumption (1.12) as the convergence of random finite-dimensional
distributions and to (1.13) as tightness. Observe that (1.12) is weaker than the usual
convergence of finite-dimensional distributions. However, it is more natural in the context
of random trees, and indeed plays a key role in Aldous’ theory of continuum random trees
as developed in [4]. (See the appendix of [5] for a discussion and for further references.)

Let T2e be the real tree encoded by 2e, where e is a normalised Brownian excursion.
(We refer to the survey of Le Gall [26] for standard definitions concerning random real
trees.) Fix k > 1 and let Uy, ..., Uy be 11D Uniform([0, 1]) random variables. Furthermore,
let 73 be the subtree of Tze spanned by the images of 0 and of Uy, ..., Uy in Te. Formally,
it is useful to think of this as an ordered rooted tree with leaves labeled by 1,2,...,k and
edge-lengths, where we use the relative ordering of Uy, Us, . .., Uy to determine the planar
ordering of the leaves. Using Aldous’ line-breaking construction [4] we may construct a
tree which is equal in distribution to T, as follows.

Let Ji,...,Ji be the first k£ jump times of a Poisson point process on [0, c0) with inten-
sity tdt at time t. Fori =1,..., k—1, sample an attachment point A; ~ Uniform([0, J;]), in-
dependent of (A;);-;. Take the completion of each of the line segments [0, J1], (J1, J2, .. .,
(Ji—1, Ji), and for each i € {1,...,k—1} let J denote the limit point as x | J;_;. Identify
the points J and A;, and think of the line-segment as being attached to the left side of
the branch containing A; with probability 1/2 and to the right side with probability 1/2.
Denote the resulting rooted ordered tree with leaf-labels and edge-lengths by 7%. Then,
T 4 TF: see [4, p. 279].

The proof of Theorem 1.1 (and similarly Theorems 1.3 and 1.4) relies on proving that
a certain discrete line-breaking construction of T,,, described formally in Section 2.2, con-
verges to Aldous’ line-breaking construction upon rescaling. The discrete construction
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builds a tree on [n] by first constructing paths PO PW) and then attaching them to
one another by identifying one endpoint of each path P(®) with a point in (PY));-;. The
proof of convergence of the random finite-dimensional distributions relies on the observa-
tion that, along each path, the sequence of partial sums of the displacements essentially
a random walk trajectory with 11D steps with the same distribution as ngUE and, more-

over, that random displacements appearing at branch points do not contribute to the
displacements of the discrete snake on the “macroscopic” spatial scale of @(nl/ 4,

For the proofs of tightness, we adapt a method of Haas and Miermont [34] used to prove
tightness for the height process of a Markov branching tree. (Note that size-conditioned
Bienaymé trees are examples of Markov branching trees.) Let Tﬁ be a subtree of T,
spanned by its root and k uniform vertices. The difference T, \ Tfl is a forest Ffl, and to
prove tightness we bound the maximum modulus of the spatial locations in each tree in
Ffz Following Haas and Miermont, we reduce this bound to an expression involving only
a size-biased pick among the trees in F¥. The proof of tightness then reduces to proving
an explicit tail bound for the maximum modulus of the spatial location of a vertex in T,
when rescaled by n=1/4. As a key part of our argument, we require a strong control on the
total variation distance between the laws of € and of the number of children of the root of
T,,, which we denote by D}. For k € [n], by Kemperman’s formula [37, Chapter 6],

~n n P{S,1=n—-1-k}_ -
P{ n }_< ) R P{{=1k}, (1.14)

n—1

where (Sy)n>1 is a random walk with 11D p-distributed increments. In order to control this
total variation distance, we use a version of the local central limit theorem ([35, Theorem
13, Chapter VII| which, for completeness, we also state below in Theorem A.2) which
holds whenever E [53] < oo; this is the origin of the third moment condition in our main
theorem.

1.7. Asymptotic notation. We will use the following notation related to the asymptotics
of random variables (X,,),> € R. (See Janson [16].) For (y,)n>1 € Rso,

e X, = op(y,) means that X,,/yn B 0asn— oo
e X,, = wp(y,) means that X,,/y, B0 as n — oo
e X,, = Op(yn) means that for all € > 0, there exist constants n., Cz > 0 such that
for all n > n.,
P{Xn < Csyn} >1—¢;
e X, = Qp(y,) means that for all £ > 0 there exist constants n., C: > 0 such that
for all n > n,,
P{Xn > Ceyn} >1—g¢
e X,, = Op(y,) means that X,, = Op(y,) and X,, = Qp(yn).
e Lastly, “with high probability” always means “with probability tending to 1 as

n — oo.
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2. TREES, BRANCHING RANDOM WALKS, AND THEIR ENCODINGS

We require a number of different tree models, which we now define.

First, a tree is simply a connected acyclic graph T' = (v(T'), e(T)). A rooted tree consists
of a tree together with a distinguished root vertex p = p(T') € v(T'). Given a rooted tree T'
and a vertex v of T' write C(v, T for the set of children of v in T" and ¢(v,T") = |C(v,T)|;
vertex v is a leaf of T if ¢(v,T) = 0. We write 0T for the set of leaves of T'. Also, for a
non-root vertex v we write p(v) = p(v, T') for the parent of v in T'. For vertices v, w € v(T)
we write v < w if v is an ancestor of w, and for an edge e we also write e < v if at least
one endpoint of e is an ancestor of v. For S C v(T), the subtree of T spanned by S is the
minimal subtree of T' containing all elements of S.

Letting N° := {0}, the Ulam-Harris tree is the rooted tree with root ) and vertex set

U= JN"
n>0
in which, for each v € U, the set of children of v is {vi,i € N}. (Here, and in the sequel,
for a string v = (vy,...,v,) we write vi := (v1,...,vk,4).) We say w is a younger sibling
of u if w =wvj, u =wvi and j > i. We will make use of the usual lexicographic order on U,
which is the total order in which each vertex precedes all of its descendants and all of its
younger siblings. Also, for v € N C U we write |v| = n for the depth of v in U.

FIGURE 3. Left: an ordered rooted tree. Center: a labeled ordered rooted
tree, with the functions o, indicated for v € {1,4}. Right: the edge labeling
of T, introduced in Section 2.2.

The definitions of the coming paragraph are illustrated in Figure 3. An ordered rooted
tree is a tree T with v(T") C U and the following properties: (i) 0 € v(T); (ii) if v € v(T)
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then p(v,U) € v(T); (iil) if vi € v(T) then vj € v(T) for all 1 < j < i. Note that the
edge set of an ordered rooted tree may be recovered from its vertex set, and we will often
identify ordered rooted trees with their vertex sets. The lexicographic order on v(T) is
simply the restriction of the lexicographic order on U to v(T).

A labeled ordered rooted tree is a finite rooted tree T' = (v(T'),e(T)) with v(T) = [n]
in which, for each non-leaf vertex of T', the set of children is endowed with a total order
oy = opr : C(v,T) = [c(v,T)]. We will sometimes abuse notation by writing vi =
o, 1(i) for the i-th child of v under this total order. This abuse of notation is justified
by the observation that the ordering of the children of each non-leaf induces an injection
¢ : v(T) — U defined inductively by ¢(p(T)) = 0 and p(vi) = @(o, (i) = ¢(v)i for
i € [e(v,T)]; and p(v(T)) is indeed (the vertex set of) an ordered rooted tree. As such, a
labeled ordered rooted tree could equivalently be represented as a pair (7, f) where T' C U
is a finite ordered rooted tree and f : T — [n] is a bijection (so n = |T'|). However, the
first representation is more natural in the context of the methods we shall shortly use for
constructing random labeled ordered rooted trees. Moreover, the second representation
would be confusing, as it is very similar to our representations of branching random walks
and of spatial trees, which we now describe.

2.1. Branching random walks, Lukasiewicz path, contour and height processes.
A branching random walk is a pair T = (T,Y), where T is an ordered rooted tree (possibly

labeled) and Y = (Y®) v € v(T) \ 9T), where Y () = (Yj(v),j € [e(v,T))) € REWT), We

think of Y () as a set of spatial displacements from vertex v to its children, so Yj(v) is the
difference in the spatial locations of vertices v and vj. The spatial location of u € v(T) is
then given by the sum of displacements along u’s ancestral path:

(u) =L(u,T) := Z Yj(v).

{(v,vj)ee(T):vj=u}

We refer to the pair (7', ¢) as a spatial tree. The branching random walk (7',Y") can clearly
be recovered from the spatial tree (7, ¢), and vice versa.

Let T'= (v(T'),e(T)) be a finite ordered rooted tree and write n = |T'|. The Lukasiewicz
path of T is the function Wy : [0,n] — R defined as follows. List the elements of v(T)
in lexicographic order as vi,...,v,. Set Wr(0) = 0. For 1 < i < n, set Wr(i) =
Z;Zl(c(vi, T) — 1), and then extend the domain of Wp to [0, n] by linear interpolation.

The height process of T is the function Hp : [0,n] — R>o defined as follows. For
0 <i<mnset Hp(i) = |viy1| and set Hp(n) = 0; then extend the domain of Hp to [0,n]
by linear interpolation.

The contour order of v(T') is the sequence wo, ..., wsn,_1) of elements of v(T') defined
as follows. First, wy = () is the root of T Inductively, for each 0 < i < 2(n — 1), if w;
has at least one child in 7" which does not appear in the sequence wy,...,w;_1, then
let w;y1 be the lexicographically least such child. Otherwise, let w;y; = p(w;, T). It is
straightforward to verify that each vertex v of T" appears in the resulting sequence exactly
1+4+c¢(v,T) times. The contour process of T is the function Hr : [0,2(n—1)] — R>( defined
by setting Hp(i) = |w;| for integers ¢ with 0 < i < 2(n — 1), letting Hp(2n) = 0, and
extending to [0, 2n] by linear interpolation.

If T =(T,Y) is a branching random walk with underlying tree 7' then we encode the
spatial locations by a function Rt : [0,n] — R given by setting Rr(i) = ¢(vi41,T), for
i €{0,...,n—1}, Rr(n) = 0, and extending to [0, n] by linear interpolation. We also define
a process Ry : [0,2n] — R by setting Rp(i) = (w;, T) for integers i with 0 < i < 2(n—1),
Rr(2n) = 0, and extending to [0,2n] by linear interpolation.

The following result appears somewhat implicitly in Section 3 of [7]. For completeness
we give a proof.
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Lemma 2.1. Fiz ay,a0 # 0. Let T = (T,Y) be the branching random walk with Y =
(Y® v e v(T)\ T) such that Y V) = (o — O%(C(U,T) —74),j € le(v,T)]), vev(T). Let

Ry be the function encoding the spatial locations of T. Then for all t € [0,n],
Re(t) = anFr(t) = — Wa(®)

Proof. 1t is sufficient to prove that
Re(i) = on H(i) — OZWT(i)

for i € {0,1,...,n —1}. Let ¢ € {0,...,n — 1}. Then Hp(i) is the number of ancestors
of vi11 in T. Further, Wp(i) is the number of younger siblings of ancestors of v;1. It
follows that

OleT(i) — 3I/VT(Z) = a1 - Z Ll = 1 Z (C(U7T) - ])

a2 . . (0%] . .
(wyuj)ee(T):uj=vit1 (uw,uj)ee(T):uj=vit1

2
- Y (v Zewn-g)
. . a2
(w,ug)€e(T):uj=vit1

= >

(u,uj)€e(T)uj=Zvip1
= R (i). O

2.2. Sequential encodings of labeled ordered rooted trees. Given a labeled ordered
rooted tree T' = ([n],e(T")), we assign labels to the edges of T as follows. For v € [n] and
i € [e(v,T)], assign label (v,14) to the edge {v,vi} = {v,0,(i)}. The set of all edge labels
is then L(T) = {(v,4) : v € v(T),i € [e(v,T)]}. Given any path P = vgv; ... v, from a
vertex vg of T to one of its descendants, let wp be the sequence of edge labels along the

path from vy to vy: formally, 7p = 7p(T) = ((vo,co), - - ., (Vg—1,¢ck—1)), where cg, ..., cp_1
are such that v; = vj_i¢j_; for each j € [k].
We say a sequence d = (dj,...,d,) of non-negative integers is a degree sequence if

> vefn) @ = n — 1. We say a labeled tree T' with v(T) = [n] has degree sequence d if
c(v,T) =d, for all v € [n]. Write Lq for the set of labeled ordered rooted trees with degree
sequence d. For any tree T' € Lg, it is the case that L(T) = {(v,c) : v € [n],c € [dy]}.
Write Py for the set of permutations of {(v,c) : v € [n], ¢ € [dy]}; this set has size (n — 1)!.
For a fixed degree sequence d, we will make extensive use of a bijection B : Py — Lq for
d=(di,...,d,) a degree sequence of length n > 2, which we give below. We first describe
B!, as it is slightly simpler.

The bijection B~ : £Lq — Pg. Input: T € Ly.

e Let T be the subtree of T' consisting of the root alone.

e For ¢ > 1, if T~ £ T then let ¥y be the smallest label of a vertex in T
which is not in 7¢=1 let P be the path in T from T¢ to y©, and let
T be the subtree of T spanned by {P) y1) . 41},

e Let £* be the first value for which 7¢") = T.

e Let mp be the concatenation of the sequences mpa),...,mTper), and set
Bil(T) = 7.

In the example of Figure 3, £* = 6 and the paths are P = 4,3,10, P?) =4, PG) = 4.8,
P®W =5 PO =1,9and PO =1, so

mr = ((4,3),(3,1),(10,1), (4,2),(4,1),(8,1),(5,1),(1,1),(9,1),(1,2)) . (2.1)
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We next describe B; for this we make use of the fact that to specify a labeled ordered
rooted tree T with vertex set [n] it suffices to specify the set C(v,t) and the total orderings
oy : C(v,T) = [c(v,T)] for each v € [n].

Informally, this construction can be thought of as a discrete analog of the continuous
line-breaking construction from the second paragraph of Section 1.6. More specifically,
given m = ((v1,¢1), ..., (Un—1,cn—1)) € Pq, certain substrings of 7w will correspond to paths
in the tree B(m). We will list these paths as P, ... PY).  As in the continuous line-
breaking construction, for each i > 2 we will identify one endpoint of the path P, with
a vertex in (PYU));-;. In the following formal description we denote the i-th identified
vertex by vj;,. When we identify the endpoint of path PO with vertex vj;, we use the
second coordinate of the pair (vj;,¢;,) to determine the position of the unique child of v,
belonging to P() among the children of vy, -

The bijection B : Py — Lq. Input: 7 = ((vi,¢1),. .., (Vn—1,¢n-1)) € Pq.

e Set m; = min{m € N: m # v} and let
J1 :inf{j > 1:Uj S {ml,vl,...,vj_l}}/\n.
e For ¢ > 1 ,if j; < n then:

— set miy1 = min{m > m; : m & {vi,..., v} };
— let
Ji4l = inf{j > 7 v € {ml,.. cy MYy, U1, . .,’Uj_l}} A n.

o Let /* =min{i >1:j; =n}.

e Define a labeled ordered rooted tree T' € Lq as follows. For 1 <i <n —1,
ifi+1¢&{j1,...,J0} then set v;c; = av_il(ci) = viq1. If i +1 = ji for some
1 < k < ¢* then set o, (c;) = my.

Set B(m) =1T.

The rightmost tree in Figure 3 is the tree B(m) where 7 is equal to mp from (2.1).

When needed, we will emphasise the dependence of the quantities m;, j; and £* on 7 by
writing m;(7), ji(7) and £*(7). Setting jo = 1 for convenience, we may think of 7" = B(w)
as the union of the paths P, ..., PU) where P; = Vj,_; - .- Vj;—1m; is the path in T from
vj,_, to m;. Note that since m; > i for all i € [¢*], vertices 1,...,k are contained within
the union of paths P, ... PG for all k € [n)].

Recall from Section 1.1 that T,, denotes a Bienaymé tree with offspring distribution pu
conditioned to have m vertices. Suppose now that D" = (D7,...,D}') is a sequence
of 1ID p-distributed random variables conditioned to have total sum » " | D' = n — 1,
and let IIpn €y Ppn. Then the tree T, has the same law as B(Ilpn). Furthermore,
T, = (T,,Y), which we refer to as a (u,v)-branching random walk (conditioned to have
size n), has the same law as (B(Ilpn),Y’). (Here, conditionally on the underlying tree T,
Y = (Y®) v € o(T) \ 8T) are independent random vectors such that if c(v, T) = k then
Y () has distribution ). The associated spatial tree (B(IIpn),£) is such that £(v;) = 0,
and for 0 <i<n—1ifi+1¢& {j1,...,Je},

C(vig1) = L(v;) + V),
and if ¢ + 1 = ji for some 1 < k < £*, then
Umy) = £(v;) + V0.

In Section 3 we study the above bijective construction of uniform trees with a given
deterministic degree sequence d; that is, for T' = B(Il4) for IIq € Pgq. We note however,
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that by conditioning on D", all results in Section 3 also apply to T, and, consequently, to
the underlying tree of T,, = (T,,,Y).

3. SAMPLING FROM L4

Fix a degree sequence d = (dy,...,d,). The bijection B applied to a uniform element
I14 €y Pq yields a uniform element 7' = B(Ilq) of £4. We can think of the bijection as
constructing 7" from Iy by adding vertices one at a time in order of their first appearance
in a pair (V, C) of I14. Below, we use this perspective to study properties of T, in particular
the law of the sequence of vertices ordered by first appearance in a pair (V,C) of I, and
the law of the number of vertices contained in the union of the paths PM), .., P%) for
given k > 1.

3.1. Size-biased random re-ordering. For n > 1 let S,, denote the set of permutations
of [n]. For (ki,...,k,) € N, let ¥ = ¥, . ,) be the random permutation of [n] with
law given by

- ko(i)
P=0} =<2 forgedS,.
z];[l 2 =i kali)

We call (ks1), .-, kxn)) the size-biased random re-ordering of (k1, ..., ky).

For a degree sequence d, let Ng = |{i € [n] : d; > 0}|. For m = ((v1,¢1),...,(Un,cn)) €
Pq we let 01(m),...,0n,(m) denote the internal vertices in 7' = B(m) ordered by their first
appearance in a pair (v,c¢) in 7. When 7 = Il = ((V1,C1), ..., (Vo—1,Cn—1)) €y P4 is
random, we write XA/i(Hd) = 0;(Ilq) to reinforce the fact that the order of the vertices is
random. The next lemma states that (Vi(Ilg), ..., Vx, ,(Iq)) are the vertices corresponding
to a size-biased random reordering of {d; : d; > 0,i € [n]}.

Lemma 3.1. Fiz a degree sequence d = (dy,...,d,) and let Il €y Pq. Then for any
permutation (i1, ...,in,) of {i € [n] :d; > 0},

~ ~ ‘ . d; d; d;
P{(vl(nd),...,de(nd)) - (21,...,%)} = — 12_% T ngdfl

j=1 i
Consequently, the size-biased random reordering of the positive entries of d is equal in

distribution to (do d

Ty Aoy 1)

Proof. We show the statement by induction on Ngq. For Ng = 1, the statement is immediate
for all n and for all degree sequences of length n with [{i : d; > 0}| = 1 since if Ng =1
there is a single vertex of positive degree and V; (Ilg) = iy.

Next, fix £ € N and suppose the statement holds for all degree sequences d with Ngq < £.
Then fix any degree sequence d = (dy,...,d,) with Ng = ¢ + 1, and any permutation
(i1,...,in,) of {i € [n] : d; > 0}. To specify an element of {m € Pq : (01(7),...,0p41(7)) =
(41,...,1p41)}, it is necessary and sufficient to specify

) m = (vi,c1) € {(i1, ¢) : c € [di ]}

) The d;; — 1 values j € {2,3,...,n—1} for which 7; = (i1, ¢) for some 1 < ¢ < d;;
) The order of the d;; — 1 elements of {(i1,c),1 < ¢ <d;, }\{m} in 7;

4) The order of the elements of {(i;,¢c),2 < j < £+ 1,1 <c <d;;} in 7, which must
ensure that (0a(7), ..., 0pp1(m)) = (i2,. .., 0e41).

(
(
(
(
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By the induction hypothesis applied to the degree sequence (ds,,...,d;,,,0,...,0) €

n

~diy e 1.
Z~q ' this implies that

C {mePa (). tega (1) = (i)}

=d; < >(dZ - Dln—-1-4d;)! & .
1 dll_]- 1 1 n—l—d“ n—1—2§:1dij
di d; di
= (n— 11— 2 i ; (3.1)
n—1ln—1-d; n_1—2j:1dij

since |Pg| = (n — 1)!, the claim follows. O
3.2. Repeats in Il4. Let Iy = ((V1,C4),...,(Vh-1,Cn-1)) €u Paq. Recall that
Vi(Ila), ..., Vn,(I1q) are the internal vertices in B(IIq) ordered by their first appearance

in a pair (V,C) in Ilg.

For i € [(*(T1g)] let M = md(1l4) and J& = jd(Il). We introduce this notation to
emphasise that Mii, .. 'szfi*(Hd) and Jf, e J?*(Hd) are random variables. We will see
later that for the random degree sequences D" = (DY,..., D;) arising in this paper, for
k > 1 fixed and for n large, {V1, ..., VJz?n }N[k] = 0 with high probability. In this case, for
each i € [k] the first coordinate of the pair (V;pn,C;pn) € IIpn, corresponds to a repeated
first coordinate of IIpn. It is therefore convenient to define a second set of indices which
correspond to the indices of II4 for which the first coordinate is a repeat. Specifically, let

j{l =inf{j >1:V; € {Vi,...,V;_1}} An, and for i > 1, let
J& =mf{j>J Ve (Vi,..., Vi) An
The next two lemmas describe the laws of J~1d and (jf,i > 2), respectively.

Lemma 3.2. Fiz an integer n > 2 and a degree sequence d = (dy,...,d,) and let Iy €y
Pa. Then for 1 < k < Ng,

n—1—j

T 7% S (dp gy + 1)
P{Jld>k ‘ m(nd),...,de(Hd)}:H (1_ 1197, 1) |
and, for k> Ny,

P {J{l >k ( Vl(Hd),...,VNd(Hd)} —o

Proof. Observe that jld < Nyg + 1 deterministically, so the statement for k& > Ny is
immediate. To prove the statement for 1 < k£ < Ny, fix any ordering i1,...,%in, of
{i € [n] : d; > 0}. Then using Bayes’ formula and the fact that |Py| = (n — 1)!, the
probability
P {J{i >k | (i), ..., Vi, (Iq)) = (il,...,iNd)}
may be expressed as a ratio with denominator
‘{7’( = ((Ui,Ci),i € [TL]) €Pq: (@1(7‘(’), e ,@Nd(ﬂ)) = (’il, .. .,iNd)H

and numerator

’{’/T:((vi, C,;),’i S [n}) € Pq: (’171(7T), R ,@Nd(ﬂ)) = (il, Ce ,iNd), (’Ul, Ce ,’Uk) = (il, Ce ,Zk)}‘

Equation (3.1) directly yields a formula for the denominator. Also, letting d’ be the degree
nfdi 7...7d¢ .

sequence (d;, 41,...,dn,,0,...,0) € L ! k. then the numerator is

k
Hdii . (TL —1- k>di1+~--+dik*k . |{7T/ S Pd/ : (@1(7‘(’), ce ,f)Nd,k(T('/)) = (ikJrl, ce ,iNd)}| .
j=1



20 L. ADDARIO-BERRY, S. DONDERWINKEL, C. GOLDSCHMIDT, AND R. MITCHELL

The first term selects ¢; € [d;;] for each j € [k]; the second, falling factorial term selects
the locations of the remaining entries of m whose first coordinate belongs to {i1,...,ix};
and the third term specifies the order of the remaining entries of m € Pyq. Equation (3.1)
also gives a formula for this final term, and the lemma then follows by routine algebra. [

Lemma 3.3. Fiz a degree sequence d = (dy,...,d,) and let Il €y Pq. Let i > 1. Then
forn >2 and k such that J& + k € [Ny],

P{j;‘d+1 > Jd+k ‘ jfi,---;chJA/l(Hd)a---,‘A/Nd(Hd)}

Jd4k j .
_ H . =1y, 1 —i
n—j

j=Jd

and, for k > Ny,
P{Jf+1 >k ‘ vl(Hd),...,‘//\de(Hd)} =0.

The proof of Lemma 3.3 is analogous to that of Lemma 3.2 and is therefore omitted.
Finally, a bound we will need in Section 5, whose proof relies on the bijective construction
of T}, is the following; its proof is postponed to Appendix A.

Lemma 3.4. Letd = (dy,...,d,) be a degree sequence and let B C [n] be a set of vertices.
Suppose that |B| < K and suppose that maxi<ij<, d; < A. Let By be the smallest distance
between two vertices in B that are ancestrally related in Tq = B(Ilq) (with Bq = oo if no
vertices in B are ancestrally related). Then, for any b >0

P{Bdgb}§K<1—(1_n_flfébA>b>.

4. RANDOM FINITE-DIMENSIONAL DISTRIBUTIONS

In this section we use the bijection B to prove the convergence of the random finite-
dimensional distributions of the head of the discrete snake (H,, R,). We assume through-
out this section that p is critical and has variance o2 € (0, 00), and that assumption [A1]
holds.

Recall that T,, is a Bienaymé tree with offspring distribution p conditioned to have n
vertices, and that T,, = (T,,Y) denotes the conditioned (u,v)-branching random walk.
By Section 2.2, T, has the same distribution as (B(Ilp»),Y), where D" = (D}, ..., D)) is
a sequence of 11D p-distributed random variables conditioned to have total sum > | D =
n — 1 and, conditionally on D™, TIpn = ((V1,C1), ..., (Vie1,Cn_1)) €y Ppn.

Fix k > 1. Let Ul',...,U}? be a uniformly random k-set of indices chosen from [n]. Let
T, (U7, ...,U}) be the subtree of T, spanned by the root of T,, and the vertices v, -
vyp, where for i € [n], we recall that v; is the i-th vertex in the lexicographical order
of Ty,. (For fixed k, as n — oo, a collection of k 11D Uniform([n]) random variables will
be distinct with probability tending to 1, so we can treat U(',...,U;' as indistinguish-
able from independent uniform picks from the vertices.) We immediately observe that
T, (U, ...,U}}) has the same distribution as TE | the subtree of B(IIp») spanned by the
root and the vertices 1,...,k. Since TffL is more convenient for our analysis, we will work
with it instead. Note that T¥ is a labeled ordered rooted tree whose leaves are labeled by
1,2,..., k. Write £¢ for the map from TF into R which gives the spatial locations of the
vertices, so that (T¥, ¢%) is the spatial tree (T, ) restricted to the subtree spanned by
the root and the vertices 1, ..., k.

Let T2e denote the Brownian tree encoded by the excursion 2e, and let Uy, ..., U, be
11D Uniform([0, 1]) random variables, independent of e. Recall that T}, = Tae(Un, ..., Uy)
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denotes the subtree of 7T5e spanned by the images of 0 and Uy,...,U in Tae, thought
of as an ordered rooted tree with leaves labeled by 1,2,...,k and with real-valued edge
lengths. Recall that 7} has the same distribution as the tree 7% built by Aldous’ line-
breaking construction. We now introduce a version of the line-breaking construction which
incorporates spatial locations.

Line-breaking construction of the Brownian tree with spatial locations

We construct a sequence (7%)g>1 of trees along with two functions h : [0, 00) —
[0,00) and 1 : [0,00) — R recursively. Let Ji,Ja,... be the jump times of a Pois-
son point process on [0,00) with intensity tdt at time ¢, listed in increasing order.
Independently, let (B:):>0 be a standard Brownian motion. Start from the tree
T! which consists of the line-segment [0, J;]. Define h(t) = t and 1(t) = B; for
0 <t < Ji. Recursively, for £ > 2, conditionally on J;_1, sample an attachment
point Aj_1 ~ Uniform([0, J;_1]), independent of (A;);<r—1. Take the completion
of the line segment (Jy_1,J;], and let J;_; denote the limit point as = | Jy_1.
Identify the points J;_; and Aj_;. This has the effect of gluing the line-segment
(Jp_1,Jy] onto T*~1. We do this with probability 1/2 to the left side and with
probability 1/2 to the right side. This yields 7*. Define h(t) = h(A4y_1) +t — Jy_1
and 1(t) = 1(Ag—1) + B — By,_, for t € (Jy_1, Ji] to determine the height and
location processes on the new line-segment.

The planar embedding of 7% is captured by a permutation 7% : [k] — [k] which is

such that 7%(1),...,7%(k) is the order in which we observe the leaves when exploring the
tree from left to right. Using the notation U(kl), e U(kk) for the increasing ordering of
Ui,...,U as in Proposition 1.9, we then have

(h(JTk(l)), e B (T ) 1)) 1(JTk(k)))

d
4 (e oo 2 V2 ... \/2r ) 41
( ug) Uy V2 ug) V2 U (4.1)

where the equality in distribution of the first & co-ordinates on the two sides is a conse-
quence of Corollary 22 of Aldous [4], and that of the final k£ co-ordinates is a consequence
of the definition of the Brownian snake given at (1.1). So the line-breaking construction
indeed realises the random finite-dimensional distributions of the head of the Brownian
snake.

We show that the scaling limit of (Tf, ¢%) is (7%,1]jg,s,) in an appropriate sense, which
will allow us to prove the convergence of the random finite-dimensional distributions, along
with a certain amount of extra information which will be useful to us in Section 5 where
we prove tightness.

Recall that the tree Tf; necessarily sits within the first k& paths, P1), ..., P(*) in the
discrete line-breaking construction. We need to understand the lengths of these paths, and
the positions at which the paths are glued onto one another. It is convenient to use the
indices of the vertices in IIp» for this purpose rather than the vertex labels themselves.

Recall that Jj " Js Y J,f) " are the first k indices at which we see either a repeat or an
element of {1,2,...,k}. Let us henceforth write J? = JP" (and also J* = JP") for i > 1.
Then the lengths of the paths PO P® are given by Ji*, J3 — J', ..., J — J;'_,. For
1 <m < k—1, the index at which the path P+ attaches ontoAthe subtree constructed

from the first m paths is given by the value i such that Vjn = V;(Ilpn) (i.e. we find the

index of the vertex Vj» within the vector (Vi(TIpn), ..., Vy, (IIpn))). We write A7 for
this value ¢ and call this the m-th attachment point. See Figure 4.
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Vi(Ilps) Va(Ipe) Va(Ips)  Vi(Ilpn) Vs(Ilpe) Vs(Ipn) Va(Ilpn)

o/ @ ® #@

/

;71;]777 4 / ln .

FIGURE 4. Illustration of the first and second attachment points, A} and
A3,

Since TfL is an ordered tree, we will need to understand where the paths P, ... P®k)

attach relative to the pre-existing children of their attachment points. If we are looking
to attach to a vertex which has only one pre-existing child (i.e. for which there has been
no previous repeat) then that vertex must have degree d > 2, and then whether we attach
to the left or to the right of the pre-existing child is simply determined by the relative
ordering of the corresponding second coordinates in the sequence IIpn. If there has been
no previous repeat at this vertex then this pair of second coordinates is chosen uniformly
at random without replacement from [d] and, in particular, we attach to the left and
right sides each with probability 1/2. This ceases to be true after the first repeat (not
least because then there are three or more children whose relative ordering we need to
understand), but as we shall show below, we observe a second repeat of any vertex in
T with vanishing probability as n — oco. Let FV', ..., F}! be random variables taking
values in {0, 1,2} such that F* = 1 if P(+1) attaches at a first repeat and to the left-hand
side, F* = 2 if PUF1) attaches at a first repeat and to the right-hand side and Fi,=0
otherwise, for 1 <i < k.

Finally, recall that vertex V;(Ipn) has degree D% (Tipn) for i < Npn = |{i € [n] : D} >
0}|. Let L™(0) = 0 and let L™(i) be the spatial location of the C;-th child of vertex V; in
line-breaking construction B(Ilpn), for 1 <i <mn — 1.

The following proposition shows that, on rescaling, these quantities converge in dis-
tribution to their analogues in the line-breaking construction of the Brownian tree with
spatial locations.

Proposition 4.1. Fiz k > 1. Then
7
Vn

as n — oo. Jointly with this convergence, we have that

(TP, T8, T AT LAY <D (T4, oy T AL Ay (4.2)

(Fr Fp,... F) -S (R, Fy,... ), (4.3)

where Fy, Fy, ..., Fy are 1ID random variables, independent of everything else, such that

P{F,=1}=P{F =2} =1/2 and

n VAL ([0 2] A (TF = 1)))is0 —5 B(Bia o) )0,

for1 <i<k—1, in each case for the uniform norm.

As a corollary, we obtain the convergence of the random finite-dimensional distributions
in (1.3).
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Corollary 4.2. For any k> 1, asn — o
(Hn(nU(kl)) Hn(nU(kk)) Rn(nU(kl)) Rn(nU(kk))>

n N Jn VT 1/

a (2 2 6\/5 8 2
— —€rrk 4..., €77k —Trk ... —TIrrk
o V) e U e Uy T o U |

where U(kl), e U&) are the order statistics of k 11D Uniform([0, 1]) random variables.

Proof. Let (U7, ...,U}}) be a uniformly random k-set chosen from [n], and (U(”l’)k, ce U&)k)

be the order statistics of (U7, ...,U}’). As argued above, we may straightforwardly replace
nU(kl), . 7nU(kk) by (U("l)k —-1,..., U&)k — 1) at no asymptotic cost. Recall that H, (i) gives
the distance from the root of the (i + 1)-th vertex visited in a depth-first exploration of
the tree. The random variables

(Hn(Uin - 1)7 e 7Hn(UI? - 1))

have the joint law of the distances from the root to the leaves labeled 1,2, ...,k in T’; (these
may be expressed in terms of sums and differences of elements of (J7',...,J}', A7, ..., A})
analogously to the definition of h in the line-breaking construction of the Brownian tree
with spatial locations), and

(Ra(UT = 1),..., Ro(Ul — 1)) = (L"(J? —1),..., L"(JI — 1)).

The effect of ordering the uniforms is simply to apply the same permutation of the entries to
each of (H,(Ul'—1),...,Hy (U} —1)) and (R,(U7'—1),..., R,(U}’—1)). This permutation
is straightforwardly induced by the choices (FY,...,F}' ;). By (4.3), this permutation
then converges in distribution to 7%. But then the claimed convergence follows from

Proposition 4.1 using the scaling property of Brownian motion and (4.1). O

We begin by studying the vertex degrees at the start of the bijective construction,
and show that, on the timescale of /n, the degrees that we observe are asymptotically
indistinguishable from IID copies of £&. We show further that the subtree TF is constructed
on a timescale of order y/n. This allows us to prove (4.2) in Proposition 4.7. To get the
convergence of the spatial locations, we observe that, with the exception of branch points,
the displacements along the ancestral lineages in T* are asymptotically indistinguishable
from 11D copies of YEvUé' Combining this with the convergence of the tree allows us to

obtain the convergence of the spatial locations along the branches of the subtree.

4.1. A discrete change of measure. In this subsection, we show that the size-biased
random re-ordering of the positive entries of D™ may be viewed as a vector of 1ID copies
of the size-biased offspring random variable £ up to a change of measure. We study the
behaviour of the Radon-Nikodym derivative and show that its effect is trivial on the first
O(y/n) entries of the vector. Recall that Np» = [{i € [n] : D} > 0}|. To ease the notation,
we write INV,, = Npn. Let

D”:( {‘,...,D%ﬂ)

be the size-biased random re-ordering of the positive entries of D™. We note that

An 4 n n
prd (Dvl(nmy'“’Dan(nDn)) .
Later we will often somewhat abuse notation and write (ﬁ?,,f)ﬁ,ﬂ) in place of

(D ...D

Py ()’ \7Nn(HDn))’ for example in the proof of Proposition 4.7.
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Proposition 4.3. Let &1,&s,...,&, be 1ID random variables with distribution w. Further,
let £1,&, ... be 1ID samples from the size-biased distribution of & . Then for 1 < m < n,
and any non-negative measurable function f: 7Z™ — Ry,

E [f(/\?v s 71321)1[Nn2m]} =E [f(gly .. ’gm)@n@TL .. ’gm)] )

where for ki,...,kyn € N,

n P —m ﬁi:n— 1 ki n—1 1

ifki+ ...+ kn<n-—1, and O"(ky,...,ky) = 0 otherwise.

Proposition 4.3 is a special case of Proposition A.4 that we state and prove in the
appendix, and use in full generality to prove Theorems 1.3 and 1.4 in Section 7. We state
only the special case here as the more general formulation is much more technical and
requires definitions are only relevant in settings where assumption [A 3] holds.

The next lemma shows that the change of measure ©™ appearing in Proposition 4.3 is
asymptotically unimportant provided that m = ©(y/n).

Lemma 4.4. Let p be a critical offspring distribution with variance o® € (0,00), and let

(&)i>1 be TID samples from the size-biased distribution of u. Suppose that m = m(n) =
©(y/n). Then as n — o0

O™ (&1, ..., &m) D1,

and (O"™(&1, ..., &m))n>1 45 a uniformly integrable sequence of random variables.

Proof. By a subsubsequence argument we may assume that m/y/n — t as n — oo for some
t > 0. Let &1,...,&, be 1ID random variables with distribution . We deal with the ratio
of probabilities in the definition of ©™ using the local central limit theorem. Specifically,
since E[¢1] = 1 and Var {1} = 02, we have that

= 1 k2
sup |[vVn —m - P i=n—1—-—m+£kj)— exp<—> — 0
keZ {i_%;_l : V2mo? 20%(n —m)
asn — oo, so for k1,...,kn €N,

{Z §z_n—1—Zk}

i=m+1

—P{Z&;—(n—m)——l—ma Zk—l—a }

i=m-+1 =1

2
exp | —soz—— ( L+ mo? + 37 (ki — 1 —0?)
202(n—m) N ( 71/2)
= o\n .

Similarly, we have that
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Therefore,
P{y & =n—1-3" ki}
P{3Li&=n—1}
2
1 2y (ki —1—0?
Cexp | - [(EEme ik D) ) +o). (4.6)
20%(n —m)

Since the random variables &1, ..., &, are IID with mean o2 + 1, by the functional strong

law of large numbers (as stated in Lemma A.1), as n — oo,

= max zi:(gltﬂ) 250 (4.7)
Vnasisiva | S ' '
Since m = (1 + o(1))ty/n this in particular yields that

mo= 2
e | (1 +mo?+ 37 (& — (1+ 02))> ) P, exp (_W> . (4.8)

20%(n —m)

We claim that n — oo,

2-1;[1 (n— ! _lelgj) —>exp< 5 ) (4.9)

j=

Indeed,

" n—i+1 u Y€ —1— oY) +o2(i-1)
(5 o (B (- =500 ))

=1

It follows by Taylor’s theorem and (4.7) that the last expression is equal to

m [l _0.2 GQi—
o (Z S — 1 -0 +o%(i— 1) +0P(1>>

= n—i1+1
_ expl <”2 Lty (25\/@ -, OP(1)> P, exp <t22”2> , (4.10)

establishing (4.9). Combining this with (4.6) and (4.8) yields that
"1,y Em) D 1.
To prove uniform integrability, notice that, by applying Proposition 4.3 with f =1,
E[0"(&,. . .&m)] = P{Ny > m}.
We claim that this tends to 1 as n — oco. To this end, note that
#{iecn] : & >0} 4 Binomial(n, 1 — p).

So by conditioning on the event {3 | & = n—1}, which occurs with probability ©(n~1/2),
there are (14 op(1))n(1 — pg) non-zero entries of (&1,...,&,). Since m = (1 +o(1))ty/n it
follows that as n — oo,

P{Nan}:P{#{iG[n] & >0>m

=1

Uniform integrability then follows by the generalised Scheffé lemma, see [19, Theorem
5.12]. 0
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Lemma 4.4 implies that if the offspring distribution has finite variance then, on a
timescale of \/n in the bijective construction B(IIpn) of T, the degrees we observe are
asymptotically indistiguishable from 11D copies of £&. To prove Proposition 4.1, we use this
fact in the form of Proposition 4.5 stated below.

Proposition 4.5. Given ]_3", let Uy, ..., U, be independent random variables such that,
for each i € [n], U; is uniformly distributed on [D}']. Further, let YD" v Yoy, be
independent random variables such that, for each i € [n], Yp, , is a umform entry of a

Vi -distributed displacement vector. If [A1] holds then as n — oo,

1 [tv/n] R 1 ltv/n) .
vn Z (D = ni/4 Dn U — (0”t, BBt)i>0,
i=1

t>0

for the topology of uniform convergence on compact time-intervals, where (Bi)i>o is a
standard Brownian motion.

Proof. Fix T > 0 and let F : D([0,7],R)?> — R be a bounded continuous function, where
D([0,T],R) is the space of real-valued functions on [0, 7] that are right-continuous with
left limits equipped with the Skorokhod topology. Let &;, s, ... be 1ID samples from the
size biased distribution of £&. Further, independently for i > 1, let U; be a Uniform([;])
random variable.

By Proposition 4.3,

|ty Al
E|F f Z i 2. Yoo, LN, > 7y
0<t<T
|l L ltval -
=B |F| | > &1 Y Yer, on (51,...,5LTM) . (4.11)
i=1 =1 0<t<T

where the random variables (YgZ ﬁi)izl are independent, and given &;, Y& 7, Is a uniform
entry of a vg distributed displacement vector. Since E [51] = 02 + 1, by the functional
strong law of large numbers (Lemma A.1), as n — oo,

v o
NG ; (& —1) = (07t)1>0

>0
in D((0,7),R).
Furthermore, the random variables (Yg‘ﬁi)izl are IID with mean and variance given by

[e's) k
[ slUl} Z“kZE Vel =0, Var{ slUl}:ZMkZE[Yk%j]_
k=1 j=1

It then follows from Donsker s theorem that as n — oo

[tv/n] 4
n1/4 Z &.U; — (BBt)e=0
>0
in D(]0,T],R). Therefore by the continuity of F', as n — oo
1 Lt\f J 1 [tv/n]
§-1),—7 > Y, — E [F ((6t, BB)o<i<t)] -
i=1

0<t<T



DISCRETE SNAKES WITH GLOBALLY CENTERED DISPLACEMENTS 27

Combining this with Lemma 4.4, and the boundedness of F', yields that (4.11) converges
to

E [F ((0*t, BBy)o<i<r)] »
as n — oo and the result follows. O

4.2. Bijective construction on the timescale \/n. In this subsection we show that the
subtree Tﬁ is constructed on a timescale of order \/n with high probability. We then prove
that the lengths of the paths which are glued together to form T converge on rescaling,
as do the positions at which they attach to one another.

We begin by showing that, with high probability, the vertices 1, ...,k do not appear in
the first ©(y/n) entries of Ipn.

Lemma 4.6. FizT >0 and k > 1, and let
Gun(T) = {{ffl(nm), . .,ffLTm(nDn)} A{L,... .k} =0,N, > LT\/EJ}.

Then
as n — 0o.

Notice that on the good event G, x(T), if J?* < |Ty/n] then JP" = JP" for all i € [k],
and Tfl is precisely the tree spanned by the root and the paths P . P® in the bijective

construction B(Ilpn) of T),.

Proof. We have
P {gn,k(T)} =P {{vl(HD”)v ceey ‘?\_T\/ﬁj (HD"))} N {1> RS k} = @7 Nn > LT\/EJ}

. Dy +---+Dp |Tv/n]
n—1-— T\/ﬁmaxlgign Dln

>E

—P{N, < |TVn]}.

Let € > 0 and (&;);>1 be a sequence of 11D random variables with distribution p. Then,
P {maxi<i<n& >evn, > & =n—1}
3 D - Sis i=
i o> i) = PR
< nP{& >eyn, >l &=n— 1}‘
- P{3i&=n—-1}
Since E [¢%] < oo we have nP {£; > y/n} — 0 as n — co. Hence,
nP{& >eyn, 3l & =n—1}
P i &=n-1}
_ P& > evijmax. momen 1 P 6 =n—1-m}
B P{)iLi&i=n—1}
as n — oo. Combining this with (4.12) gives that

(4.12)

—0

1 n
T 12X D =0
and so
DT + +Dp p 0

as n — oo. Therefore, by the bounded convergence theorem,

- D} + .-+ Dp Tvn] o
n—1-— T\/ﬁmaxlgign D;

E
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as n — 00. The result then follows by noting (as at the end of the proof of Lemma 4.4)
that as n — oo,

P {Binomial(n,1 — po) < |T/n]}
P{}ii&=n—1}

Proposition 4.7. Fix k > 1. Then as n — oo,

— 0. O

PN, < [TV} <

g

n n n n n d
\/ﬁ(J17J277Jk‘7 1,’Ak)H(Jl,JQ,,Jk,Al,’Ak) (413)

as n — oo, where Jy,Jo, ..., Ji are the first k jump-times of an inhomogeneous Poisson
process of intensity t with respect to the Lebesque measure at t € Ry and, for i € [k],
conditionally on Ji,...,J;, A; is uniform on [0, J;], independently of Ay, ..., A;i—1.

Proof. Fix T'> 0. Let 0 <t1 <--- <t <T and s1 < t1,...,S; < tp. We will prove that

P{J} <tivn,...,Ji <tpv/n, A} < sivn, ..., A} < spv/n}

k t1 th
— o2k H S; / e / exp(—o?t2/2)dry, . . . dry
j=1 0 Tk—1

=P{/h <ot1,...Jy <oty, A1 < 081,..., A < o5} (4.14)

We will often work conditionally on the random variables Dn = (A?, cee 57]{,n) To make

the equations easier to read, we write P 5, for the conditional probability given D" and
E5, for the corresponding expectation.

Fix T > T. By Skorokhod’s representation theorem, there exists a probability space
on which the uniform convergence

| vl )
NG Z (D} =1) —= (0" t)o<i<r (4.15)
i=1

0<t<T’
from Proposition 4.5 occurs in the almost sure sense. We work on this probability space

for the rest of the proof. Note, in particular, that if the above convergence occurs almost
surely then it is also the case that

LN,z rya) = L
We first show that
n2Pp, LT = (i) Jg = v/l T = [ev) } 1w s oy
2% 0% tity .ty exp (—0%t/2) (4.16)
as n — Q.

By Lemma 3.1, whenever the bijective construction B(IIpn) of T,, encounters a new
vertex, its degree is distributionally equivalent to the next one on the list (DY,..., D}, ).
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So by Lemma 3.2, on the event {N,, > |T'\/n|}, we have
Po. {1 = [t }
tivn]—1,An [t1vn]—2 j nn
RV (1 XDy - 1>>

n — Ltl\/ﬁJ ol n—1-j
Lt \/HJ72 j An
DY/ . 3 g (1 ZimDE D)
TL—LUfJ = n—1-—j
LtlfJ (Dp —1) mgql Zé (D —1-0%) + 0%
= ex o
n-[tan P = 5 n—l—j

By (4.15) and a similar argument to that used in the proof of (4.10), we get that as n — oo,

tio
\/>PD” {Jl = LtlfJ}l[N >T\f“ —>O' tlexp <—2) .

We now proceed to prove the joint convergence of the first k& coordinates in (4.16) by

induction. Suppose that the claimed convergence holds for jl",. jﬁm
on the event {N,, > |T'/n|},

Py { T = Ty = Lm/1) = ltmoav/a) | T = [0V, Ty = [tV

%i";m*’”@?—l)—mﬂ Lim /] =2 (1 i m“w”—l) m+1>

_1. By Lemma 3.3,

N n— [tmy/m) 11

-1 -
j:Ltm—l\/ﬁJ " j

Arguing as above, we obtain

\/ﬁPAn{f;}L: tmyv/1] ‘Jl = [tivnl, ..., T 1—Lm—1\/ﬁJ}1[anLtmm1

tm
22 5%, exp <—/ 027“d7’> .
tm—1

By induction on m, we get this for all 1 < m < k. Taking the product of the conditional
probabilities, we obtain (4.16).
We now wish to add in the random variables (A});c(x). We work conditionally on the

event G, (7). Given also J' = [tiy/n], ... = Lm\fj D{L,.. 13]’{[ and A7, ..., A |,
since N, > |T'\/n|, at time J, there are DZ” —-1->" 1[ Ap=i] Temaining instances of

the vertex 17@(1'[ pn) to appear in the bijective construction. So, the repeated vertex that
we see is V;(Ilpn), i.e. AP, =i, with probability

D —1—=375 gy
SV (B 1)

for 1 <i < |ty/n] —m. Hence,
Dn {An < smf | gn k( ) LtlfJ n = Ltm\/ﬁJv ?7 s ’AZ@—I}

ZLSme(D”— 1) =>4 1[A"<smﬂ
thm\f] ™ 1_1)_m

7=1

(4.17)
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This quantity lies in the interval
ZLSm\FJ(Dn—l)—m—f-l ZLSmWJ(Dn_l)
tm n ’ tm n
ST Dy~ 1) = m YDy 1) m
whose end-points do not depend on A7, A3, ..., A7 . Iterating, we thus obtain that

PDn {A? < 81\/ﬁa <o 7‘47]3 < Sk\/TTL gn,k(T)v‘]{b = \_tl\/ﬁL .- 7J7?1 = I.tm\/ﬁJ}

lies in a random interval depending only on lA)?, ey lA)Ltk | both of whose end-points

converge almost surely to anzl(sm /tm) by (4.15). So the same is true by sandwiching
for our conditional probability which lies in that interval.
Putting everything together, we then have

P{J} <tivn,...,Ji <tp/n, A} < sivn, ..., Ay < spv/n}
=P {Jln < tl\/ﬁa ERRE) Jl? < tk\/ﬁa A;rll < 31\/57 s aAZ < Sk‘\/ﬁ7 gn,k(T)c}
E[Pgs, {JI' <tivn,... . Ji <tpv/n, AT < sivn, ... A} < spv/n, Gui(T)}]
The first term on the right-hand side of this equation clearly tends to 0 by Lemma 4.6.
Since the second is the expectation of a conditional probablhty, it is sufficient to show

that the conditional probability itself tends to exp(—o2ty/2) [1F,_, sx in distribution. For
1<m<kandn >1, let us write

o tmyn] +1
m \/ﬁ °

Then we have
P5. {Jln <tivn, .. I <ty AT < sivin, o AR < spv/n, Guk(T) }
t’n/
/ o {A S sV A < Gk D) = Vi T = e}
Tk—1
kl2p T _ ™ __
<2 LT = (vl TR = el Gun(T) b ey

/ / A” < s1vn, .. A < spvn

G (), T = 1/l T = e/}

X nk/QPﬁn {:f{l = Lrl\/ﬁj,...,j,? == er\/ﬁJ} l[NnZLT\/ﬁJ]di"‘drl —En,

where E, is an error term with the property that 0 < Ej, < Pz, {Gnx(T)°} and so tends
to 0 in distribution as n — co. The first term in the product Which forms the integrand

tends to Hm 1(8m/rm) as n — oo and the second term tends to oy ... r exp(—o?r3/2),
both almost surely. Write g, (r1,...,r;) for the integrand above, considered as a function
of ri,...,r,. Then we have just shown that

(1, k) 225 g(r, ),
where g(r1,...,1) = o2F an:l $m exp(—o?r?/2). Then

t 31 tr
/ / rl,...,rk)drk...drl—/ / g(ri,...,rg)drg ... dry
L 0 Th_1

k
S/ / |gn(7’1,...,7'k)—g(T‘l,...,Tk)’dT'k...dT1+7 sup Q(Tla-",rk)'
0 Tk—1

T1yes T <T'

The final term clearly vanishes as n — oo (we note that ¢ is a continuous function). We
have

0<|gn(ri,...,rx) —g(ri,...,m6)| < gn(ri,...,re) +g(re, ..., rg)
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where the upper bound is clearly integrable. So by dominated convergence, we obtain

tl
/ / Tl,...,Tk)d’r’k...dT'l
t1 tr
25 o2k (H sm> /0 . / exp(—o?r?/2)dry, . .. dry,
m=1 Tk—1

which yields (4.14). The result follows, since T' > 0 was arbitrary. O

This completes the proof of (4.2) in Proposition 4.1.

4.3. Displacements at repeats. As shown above, for fixed k and large n, TF is with
high probability the subtree of B(IIpn) composed of the union of the paths P, ... P®),
Moreover, for i € [k], under the bijective construction, by Proposition 4.5, with the excep-
tion of the first vertex in each path P, the displacements of the vertices in P away from
their parents are asymptotically indistinguishable from 11D copies of uniform entries of a
vg distributed displacement vector. On the other hand, the displacement away from of the

first vertex in P(¥) cannot be compared to a random variable with the same distribution as
a uniform entry of a vz distributed displacement vector. However, in the following lemma
we will prove that such displacements are Op(1) and so negligible on the scale of n'/4.

We first introduce some notation. Recall that for i € [*(IIpn)], vertex Vjn» is the i-th
repeated vertex encountered in the bijective construction (B(Ilpn»),Y) of T,, = (T,,Y)
(and hence a branchpoint). For i € [£*(IIpn)], let A} be the displacement of Vjn; away
from its parent Vy» in T,

Lemma 4.8. For any ¢ > 0, max{|A}|,...,|A}|} is a tight sequence of random variables
forn > 1.

Proof. We will prove that for all € > 0 there exists N > 0 such that for all n > N,
P{|A?| > N} <e.

To prove the result for [AZ],...,|A}|, note that by Proposition 4.7, since (A;);e[y) are
almost surely distinct, we have

P {(A7});ep are distinct} — 1

as n — 00. On the event {(A}');c[ are distinct} the proof for [A3], ..., |A}] is analogous
to that for |AT| and so we omit it.

Recall from Proposition 4.7 that on=/2J} 4. Recalling also that AT is such
that Vjyn = TA/A?(HDn), it follows that conditionally on ﬁﬁ? =k, A} 4 Yy v,, where
Uy 4 Uniform([k]) and Y}y, is distributed as a uniform entry of a displacement vector

with law v, independent of D". Fix T' > 0 large. We work on the event {Jj* < T'\/n}.
For N >0 and K > 1,

P {|A}| > N, JI' <Tv/n}
SP{E?>KMW§T%ﬂ+P{MW>N’QM<K!A<TJ?

K
~ k(k
SP{Z@>K~W§TWQ+§ DD (Y| > NYP {J1 < 0T}
=2

K
k(k—1
<CQN%P{thI>N}PLh§aTﬂ.

P@Mq>mﬁ%:mJ?gTﬁﬁ—
k=2
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We have
P {|Nf| > N, Dl = k, J} < T\/ﬁ} —P{|Viy,| > N}P {f)g? =k, J0 < T\/ﬁ}
and so
P {|AY| > N, J{' < Tv/n}

K
~ k(k—1
<P {Dg,f > K, Jb < T\/ﬁ} + ZWP{\Yk,Uk\ >N}
k=2
< nn n k(k_ 1)/’”6
k=2

Since kpy <1 for all k, it follows that (4.18) is at most
~ K-1
P{Dly > K, Ji <TVn}p+ =P {|Vep|> N}

+ K max
2<k<K

~ k(k —1
P {Dﬁ? =k, JT < T\/ﬁ} - (02)”’“13{{11 < UT}‘.

(4.19)

Fix € > 0. Since ’Yg’Ué| is a random variable with support in [0,00), we may take
M = M(K) > 0 large enough so that
K-1 €
KD > 4] <
It remains to prove that for sufficiently large n > 1 and K > 1 the sum of the first and
third terms in (4.19) is at most 3/4. To this end, observe that for i > 1,
Py, {Al =i, JI <Tvn | J}} = Dy —1 Ln<i<oplym<rym)
2 s (D7 1) S

Therefore, for any k > 2,

‘{1gz’§Jf . Dy =k}

Pg, {DZ? =k, JP <Tvn | J{L} =(k-1) J{ul(ﬁn 1) Lp<rym)-
"

=1
It follows that

3 {Bg? =k, Jr < T\/ﬁ}

=(k-1E HlSZ;Jl?A Dgl:k}‘hj{%ﬂ/ﬂ
B RGIEY -
([{1<i<Jp : &=k} .
= (k? — 1)E ] 1[J"§T\/ﬁ]@n 517 ce. 7€LT\/HJ )
S E - ) 1 ( )

where the final equality holds by Proposition 4.3.
By Proposition 4.7, J* = ©p(y/n), and so by a functional law of large numbers (see
Lemma A.1 in the appendix),

Hi<i<JP : &=k} » ku
J"*l _ —> 5 -
>k (& -1) g

Combining this with Lemma 4.4 we obtain that as n — co

~ 1
3 {Dgib —k, JT < T\/ﬁ} - WP {J; < oT}. (4.20)
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Since Y52, k(k — 1)ug/0? = 1, we can take K > 1 and T > 0 large enough so that

K
k(k—1
k=2

Further, by (4.20) we can take n > 1 large enough such that

max
2<k<K

-~ k(k - 1)”16 g
P{ T =k, JﬁgTﬁ}—TP{Jl <oT}| < 1=
For such n and 7', we have P {ﬁﬁ? > K, JI'< T\/ﬁ} < €/2. The result follows. g

4.4. Convergence to the continuous line-breaking construction. We are now ready
to complete the proof of Proposition 4.1.

Proof of Proposition 4.1. In view of Proposition 4.7, it remains to prove (4.3) and (4.4).

For (4.3), we recall from the discussion at the start of Section 4 (where (F7*,..., F}})
were defined) that at attachment points which are first repeats, the attachment is to the
left with probability 1/2 and to the right with probability 1/2. By Proposition 4.7, the
first k attachment points are distinct and are, therefore, all first repeats with probability
tending to 1 as n — co. The statement (4.3) follows.

For (4.4), we must consider the spatial locations of the vertices along the first k paths in
the bijective construction. We work on the event that the paths P(), ... P®*) terminate in
vertices 1,2, ..., k respectively, which we have already shown holds with high probability
as n — oo. For the first path, we have

[tn! /2] A1)
LY([tn* 2] A (P = 1)) = E:l Yoo,
p
and, for 1 <i<k-—1,
(7 +Ltn 2T, = 1)
LM(JP + [t P)) A (T — 1)) = LMAP +i - 2) + A7 + | ;ﬂ Y
J=J5

The desired convergence then follows from Proposition 4.5, Proposition 4.7 and Lemma 4.8.
O

5. TIGHTNESS

We assume throughout the section that p is critical and has finite variance o € (0, 00),
and that [A1] and [A2] hold.

Let £ > 1. Recall that Tfl is the subtree of T,, spanned by the root and the vertices
vuyp, ... vpp € Ty, where (U7, ..., Uy) is a uniformly random k-set sampled from [n] and,
for i € [n], v; is the i-th vertex in the lexicographical order of T,,. In what follows we write
(U ("l)k et U&)k ) for the increasing rearrangement of (U},...,U}"). Further, recall from
Section 2 that T,, = (T,,Y) is the (p, v)-branching random walk conditioned to have size
n.

Proposition 5.1. Suppose that [A1] holds. Then for all v > 0,
lim limsup P ¢ max sup |H,(s) — Hu(t)] >n'/2 3 =0 (5.1)

k—o0 n—oo OSZSIC N k
s,tG[U("i) fl,U("H_l)fl]
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and, additionally, if [A2] holds, then

klim lim sup P max sup |Ry(s) — Rn(t)] > n/* 3 = 0. (5.2)
0 oo O=is s,te[U(’;’)"'—l,U(’;fl)—l}

Under [A1], we have that

(1) = ()
—€
Vv 0<t<1 a 0<t<1

in C([0,1],R) and so (5.1) holds. It follows that we only need to prove (5.2).

Let us immediately observe that the vertices of the tree T, either belong to TE or
belong to a subtree hanging off TX. In Proposition 4.1, we showed the convergence of the
spatial locations along the subtree Tfl to those given by a Brownian motion indexed by
T*. This has the consequence that for values s,t € [U(" )k -1, U(fol) — 1] such that both

i

corresponding vertices lie in T¥, we have that |R,(s) — R,(t)| is bounded above by the

n’
maximum modulus T?’k of an increment of the location process along the path from U (Z)k
to U(Zfl) in Tf;. Moreover, this upper bound converges in distribution on rescaling to the
analogous quantity in the limit tree, which has the same distribution as the maximum
modulus Tf of an increment of 8 times a Brownian motion run for time Df, where Df
is the distance between the ith and (i + 1)st leaves of (2/¢)7* in planar order. We thus

have that
2
max T¥ 4 B\/> max sup |rs — 1y

0<i<k 0 0<i<k | ,crk Uk
st€lUG) Ui

But

k k a.s.
oo (U(i+1) - U(i)) —0

as k — oo and so, since r is uniformly continuous, we may deduce that for any v > 0,

lim lim P { max T?’k > ’ynl/4} = lim P { max YTF > ’y} =0. (5.3)
k—oon—oo | 0<i<k k—oo | 0<i<k
For values s,t € | g)k, Ug;fn] for some 0 < ¢ < k such that at least one of the corre-

sponding vertices does not lie in 7%, we may bound |R,,(s) — R, (t)| by T?’k plus twice the
maximum modulus of the difference in spatial location between the parent in Tfl of the
root of a pendant subtree and some other vertex inside the tree. We have already dealt
with T?’k, and so it remains to deal with the pendant subtrees. Before we can do so, we
need to do some truncation of the displacements.

Fix v > 0 and § € (0,1/4). We will consider three “restrictions” of the branching
random walk T,, = (T,,Y"), which we denote by T, 5 = (Tn, Yy 5), TZ#; = (Tn,YTZ(;), and
T}, = (Tp,Yy). These branching random walks capture the “typical”, “mid-range”, and
“large” spatial displacements in T,,.

1) (typical displacements): Y, s = Y(U),v € v(T,) \ T,) is such that for v €
s n,0
v(T,) \ 0Ty,

mid-range displacements): = v e v(T, n) is such that for
2) (mid displ Y5 = (v T,,) \ 8T,,) is such that f
all v € v(T,) \ 0Ty,

Y = YOL sy o <ymia-

n,
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(3) (large displacements): Y,/ = (YJ’(U),U € v(Ty) \ 9T,) is such that for v €
v(Ty) \ 0Ty,

YT;W('U) — Y(U) 1[||Y(u) Hoo>'ynl/4] :

For v € v(T,,) \ 9T,, the vectors Y(?, YTZ’(S(U), V1™ are all of length ¢(v, T),), however in

n,
what follows we will not refer to their individual entries.
Let R, s, RZ 5> and R}, denote the functions encoding the spatial locations of the branch-

ing random walks T}, s, T?l 5> and T}, respectively. Then, for all n large enough so that
n1/475 S ,.}/7,111/47
R, =R, + RZ,& +R).

By the triangle inequality, for all v > 0, we then have

max sup [Rn(s) — Ru(t)]|
Osisk stelUg —LUl —1)
< ax sup [Rps(s) = R s (t)] + 2| R) slloc + 2[R ]|oo (5.4)

k k
s,te[Ug) —1,U(*;+1)—1}

We deal with each of these three terms separately.

5.1. Large and mid-range displacements. Under assumption [A2], we show that the
probability that there is a displacement in T, with modulus exceeding yn'/* goes to zero,
so that the contribution of the large displacements is negligible.

Proposition 5.2. For all v > 0, as n — o0,
P {18l > y0'/"} = o(1).
Proof. Let

n

MY = ){v € 0(Tp)\ Ty ¢ YOl > ’ynlMH .

It suffices to prove that P {M, >0} — 0 as n — oo. To this end, let &,...,&, be 1D
random variables with distribution p. By assumption [A2],

P { Ve lloc > 7m/} = o(n 7).
Fixing € > 0, this implies that for n large enough,
My =|{i el + Vel >n*}| 2 Bin (0, 2), (5.5)
n

where < denotes stochastic domination. It follows from a Chernoff bound that there
exists ¢ > 0 such that for n sufficiently large,

P {Mg > ns} < exp (—en®).
Since P {31 | & =n — 1} = ©(n~/?), we obtain
n
P{MJZne}:P{]\/Z;’ZnE | Zfl-:n—l}
i=1
P {MJ > na}

< n

TP{ L Gi=n—1}

=0 (n1/2 exp(—cn€)> :
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Let grz = Z?:l £i1[||Y§i||oo>'7nl/4] and let S’y = ZUEU(Tn) C(’U,Tn)1[||y(1;)Hoo>,yn1/4}. Since
E[§3] < oo, by [17, Corollary 19.11], both maxi<;<n & and max,e,(t,)c(v, Ty) are
Op(n'/?), and so

P{Mg >nfor S) > n1/3+8} <o(1)+ {SW > pl/3ten m(&}I{()C( ,Ty) < n1/3}
vev(ln

SoM)+P QD Ly >0
vev(Ty)

P {Bin (n, £) > n°}
S 5 Sy s
— o(1), (5.6)

IN

where the final inequality holds by (5.5). Further, for £7,&5, ... independent random
variables such that for each i > 1, £ is distributed as & conditional on ||V, |lec < yn'/4,
we have that

n N—Mg
P{Zgi:n—1‘§g,m}zp ST+ > 5?:71—1‘5;{,Mg
=1 =1

Therefore,

P{M)>0}=PJ0< M) <n, SW<n1/3+E}+o(1)

Zg,:n—1}+o(1)

{
P{0<J\7,7 <nf, 8§ <nl/3te
_P{

i=1
 PO< My <nf, Sy <nl/3E S0 & =n-— 1}
P{}! &=n—1} +o(1)
p{&4 s e —n-1| 3001
—F P{d " &=n—1} Liociit<ne, §<ni/sre) | T o(1).

By a quantitative local limit theorem (see Lemma A.3 in the appendix), we obtain that
as n — 0o

P{>" mgn_n—l—s}
P i&i=n—1} "

uniformly over all 0 < m < n€ and 0 < s < n'/3%¢. It follows that

P (M) >0} =P{0< My <nf, S <0/} 4 o(1) < PLAL > 0} +0(1).

The result follows since for n sufficiently large M, <4 Bin(n,e/n), and € > 0 is arbitrary.
U

Similarly to the large displacements, the mid-range displacements are also negligible on
the order of n~/4. However, the argument required to prove this is more refined.

Proposition 5.3. Fix v > 0. For § > 0 sufficiently small, as n — oo,

P {|11] slloo > 70"/} = o(1).
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To prove this proposition, we will require some further results pertaining to the positions
of non-typical displacements in the branching random walk T,,. More specifically, we will
need to study the law of the number and positions of the vertices v € v(T),) \ T, such
that ||V ()| > n'/4=%, for fixed, small § > 0. The next lemma pertains to the number of
such vertices.

Lemma 5.4. For § > 0 sufficiently small,
Hv € v(Tn) \ Ty, such that ||[Y]|s > n1/4—6H = op(n}/12).

Proof. Let &1,...,&, be 1ID with distribution u. By [A2] there exists C' > 0 such that
P {[[Yg [|oc > n'/47%} < On~1+%. 1t follows that
Ay = Hz €n] @ ||Yelloo > n1/4*5}‘ <5t Bin (n, C’n*HM) .

By a Chernoff bound, this implies that for § € (0,1/48), and n > 1 sufficiently large,
for any € > 0,

P {An > enl/ 12} <P {Bin (n cn—1+46) - ml/u}
-Pp {Bin (n’ Cn—1+45) > Cplo (1 n <%n1/12—45 B 1))}

=0 <6XP(—”46)> :

n

Zfz =n— 1} =0 <n1/2 eXp(—n46))

P {An > enl/12
i=1

= o(1). O

We say that two vertices u,v € U are ancestrally related, if either u < v or v < u. The
following lemma establishes that with high probability there are no ancestrally related
vertices u,v € v(T,) \ 9T, such that [|[Y W]/ A [V )]|oe > nl/470,

Proposition 5.5. for § > 0 sufficiently small, as n — oo,
P {Elu,v € Tp,u < v, such that |[Y®|o A |[Y || > n1/4_6} =o(1).

The proof of this proposition relies on an application of the technical lemma, Lemma
3.4, which we prove in Appendix A.

Proof. We generate T,, using the bijective construction B(IIpn») described in Section 2.2.
Sample the displacement vectors (YD?)lgz‘gn with Ypr = (YD?J, s Ypr, D?), and let

B= {2 €] ¢ Yool > n1/4—5}.

P {Elu,v € Ty, u < v, such that |[Y ] A YO > n1/4*5}

1<i<n

<P {Olgaéx Hy, (i) > t\/ﬁ} +P {\B\ > sn1/12} +P { max Dj' > Tn1/3}

+P {{ max D' < Tn'/3,|B| < sn1/12} N{3i,j € B:i=j,du(i,j) < t\/ﬁ}}
1<i<n
(5.7)
where, for vertices i,j € v(Ty,), d,(i,j) denotes the length of the shortest path between i

and j in B(IIpn) 4 T,. Take t and T large enough so that P {maxo<j<, H,(i) > ty/n} <
e/4, and P {maxlgign Dl > Tn1/3} < €/4. (The latter inequality is possible by [17,
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Corollary 19.11] since E [53] < 00.) By Lemma 5.4, we may take n large enough so that
P {|B| > snl/lz} < §. Therefore, for t,T and n sufficiently large (5.7) is at most

4 1<i<n

Then by Lemma 3.4 withd = D", K < snt/12. A < Tn'/3, and b = ty/n, for n sufficiently
large, this is at most

tv/n
Tn—7/12

36—{—P{{max D} §Tn1/3,|8| < sn1/12} ﬂ{Eli,j €B:i<7,dy(i,J) St\/ﬁ}}

1—n=1t —tTn1/6

The result follows by taking s > 0 small enough and n large enough so that

_ tv/n
snt/12 (11— sTn”"/2 < £
1—n-1—tTn-1/6 4’

which is possible since

tv/n
—7/12
snt/12 11— (1 - sTn ) < 2Tt 1

1—n-1—¢tTn-1/6 1—n-1—tTn-1/6’

for n large enough because (1 — )" > 1 —rz forx < 1 and r > 1. g

Lemma 5.6. Let v*(T,) C v(T,) \ 9T, be the set of vertices v € v(T,) \ 0Ty, such that
Y )| < n'/49 and there exists an ancestor u < v with ||[Y | > n/4=0. For § >0
sufficiently small, v*(T,,) = op(n).

Proof. The result holds if and only if the probability that a uniformly random vertex in
v € v(T,) is ancestrally related to a vertex u € v(T,)\ dT, with ||[Y (@[ > nl/4=9
is op(1). By exchangeability, this holds if and only if the probability that vertex 1 is
ancestrally related to a vertex u € v(T,,)\ 9T, with [|[Y || > n'/*79 is op(1). To prove
this we may adapt the proof of Proposition 5.5 by including vertex 1 in the set B. Then
by Lemma 5.4, |B| = op(n'/1?) still holds and so the proof carries over verbatim. O

As an immediate consequence of Lemma 5.6, with probability 1 — o(1) none of the
increments of the branching random walk TZ s are ancestrally related with high probability,
and Proposition 5.3 follows.

5.2. Typical displacements. In this subsection we will prove the following proposition.

Proposition 5.7. For all v > 0,

lim limsup P { max sup |Ry.5(5) — Ry 5(t)| > Aty =0,
k=00 n—oo Osi<k stelU(s —1,0pf, 1]

Notice that 12, 5 is equal in distribution to the function encoding the spatial locations of
the branching random walk with underlying tree T,, and displacements Y% = (Y”";’(U) ,V €

v(T,) \ 0T,) such that if v € v(T,) \ OT, has k children, then Y™%®) has the same
distribution as

yrd — ymdymoy = ) Qs S Yer) i maxi<jep Vi | <t/
k k.l kk (0,...,0) else.
This branching random walk is not globally centered, and in particular has “global” drift

n,0
E [Yg’UJ .
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Thus for all ¢ € [0,n] we have that
d n,0
Ryg(t) £ Rug(t) + B |YZ7 | - Hat).

where Rn 5 : [0,n] — R is the function encoding the spatial locations of the globally cen-
tered branching random walk (T, y o ), where conditionally on T, ymo = (Y” 0 g e
v(Ty) \ 0T,) is a vector of independent random variables, such that if v € v(T),) \ 9T,
has k children then Y"%(®) has the same distribution as

n5 n,0 n,0 n,0 -~
V=Y - B Y| = Y~ B [Yeu Ay iy

Moreover, by the triangle inequality, for all v > 0,

klim limsup P max Sup |Rn.5(s) — Rus(t)] > ynt/*

—00  n—o0 0<i< s,te[U( -1 U(T;Jfl) 1]

< lim li P R s(s) = R g(t)] > Ln/*
BRI L S ) a0

n,k
s tG[U -1 U(z+1) 1]

—I—limsupP{‘E[ ” | Hy, ||oo>4 1/4}

n—00

Lemma 5.8. It holds that
—5/12+56/3
‘E [ EUJ ‘ - )

and furthermore, as n — oo,
vy d 2
Var{ el } B2

This result is a special case of Lemma A.11, which is stated and proved in the appendix.
Since || Hy|lco = Op(y/n), Lemma 5.8 implies that for ¢ sufficiently small,

limsupP{’E[ ” | Hp || oo >’yn1/4} = 0.

n—oo

It follows that to prove Proposition 5.7, it suffices to prove that for all v > 0,

lim limsup P ¢ max sup IR, 5(s) — Rps(t)] >~n'/* 3 = 0.
k=00 p—oo 0<i<k ok ’ ’
s tE[U< ) —LUG Yy~ 1]

As discussed above, we need to deal with the maximum modulus of the difference in
spatial location (for the branching random walk T, 5) between the parent of the root of a
pendant subtree and a vertex of that subtree. There are

o(Tp) = > (c(v,Tp) = 1) +1

veV (Tk)

edges in T,, with one endpoint in T¥ and another in T,, \ T*. Conditionally on T, if we

remove all such edges we obtain a Bienaymé(u) forest conditioned to have n — |V(T nk))|
vertices and ¢(TF) trees. We denote this forest by FF = (Tz,j)jzla where the trees are
listed in decreasing order of size, and ]wa»] =0 for j > ¢(TF). Write ||]V%n75(Tf§7j)||oo for
maximum modulus of the difference in spatial location between the root and any other
vertex of sz,j'

The trees (TfLJ)

j>1 are independent Bienaymé trees, conditioned on their sizes. There-
. Y d )
fore, conditionally on F¥ we have ||]~Zn,5(T’;’;’j)||OO = ”R|T§].|,6HOO- Moreover, displacements

on the tree TZ ; (from the branching random walk T, s5) depend on those in other parts
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FIGURE 5. In black, the tree TX. In blue, the forest FF = (Tk )j>1. The

root of tree TZ, ; 1s displaced Z]T-l away from its parent in T%.

of T,, only through the displacement ZJT-L"S of the root of Tffm away from its parent in TF;
see Figure 5.
It follows that

max sup IR, 5(s) — Rns(t)]

0<i<k n.k
stelUft -1l —1]

<2 e (Rt 1277)
max TiT 42 max na(Tng)|| _ + 125"

Consequently, using (5.3), in order to prove Proposition 5.7, it is sufficient to prove that
for v > 0,

lim hmsupP{ max (HR,“; n])H + |Z;“5|> > ,ynl/4} =0

k—00 n—o0o 1<j<c(Fk)

The proof requires two key ingredients: (1) a scaling limit for the sizes of the trees in F¥;
(2) quantitative control on the tail of ||R,, 5|lc. We begin by establishing (1).

Proposition 5.9. Asn — oo,

i?@—ﬁjm (5.8)

where Jy, is Gammal(k, 1/2) distributed. Jointly with this convergence, we have

g

gtﬁjﬁﬂwfﬂ9>1 N CHE S (5.9

where, conditionally on Ji, (\*y]’-“\,j > 1) lists the sizes of the excursions above the past
minimum of a Brownian motion stopped on first hitting —Ji, listed in decreasing order.

Proof. By Skorokhod’s representation theorem we may work in a probability space where
the convergence in Proposition 4.7 holds almost surely so that in particular on=1/ 2J,? 25
Jk.

Let T > 0 and recall the event

Gri(T) = {{ViWpn). ... Vg (o) } N {1, kY = 0., > [TV }



DISCRETE SNAKES WITH GLOBALLY CENTERED DISPLACEMENTS 41

from Lemma 4.6. On G,, x(T) N {J < |T/n]}, the tree Tk is precisely the subtree of T,
spanned by the root and the vertices 1,. .., k. Therefore, on G, x(T) N {J} < [T/n]},

V(TR _ T
NN

Since T > 0 is arbitrary and on~/2J% 2% J; we obtain that n — |[V(T%)| = n — op(n).
Hence, we are essentially considering a forest of Bienaymé trees conditioned to have n
vertices. We now need to show that the number of trees in such a forest is ~ o/nJg.

We note that on the event G, (1) N {J;} < T+/n}, there are Z;]:’?l_k(f)l" -1)+ Zle D7,

subtrees of T,, whose root has a parent in T¥, and (k — 1) branch points in T. Therefore
for s >0

(s

~—

> S, gn,k(T)7 J]? < T\/ﬁ}

Jr—k k
1 [T
=P on Y DF =1+ Dhn—(k=1) | =5, Gur(T), Jy <Tvn
O. 1
=1 i=1

(5.10)

Since, on~ /272 2% Ji., by Proposition 4.5
Jp—k

1 ~ d
— D, —1 Jr.

Combining this with Lemma 4.6 and Proposition 4.7 we obtain that (5.10) converges to
P{Jy>s,Jy <oT}.

Then, (5.8) follows as T' > 0 is arbitrary. The scaling limit in (5.9) now follows from [27,
Proposition 1.4] and [7, Lemma 11]. O

The control on H]:En,gHoo needed to prove Proposition 5.7 is given by the next proposition.

Proposition 5.10. There exists A > 0 such that for all v >0, § € (0,1/4), andn > 1,

P {1 tnsl > 10t} < 5

The proof of this proposition is long and somewhat technical, so we postpone it until
Section 6.

Proof of Proposition 5.7 assuming Proposition 5.10. By Skorohod’s representation theo-
rem we may assume that we are working on a probability space where the convergence in
Proposition 4.7 is almost sure. In particular, Un_l/zJ,? 2% Jp as n — oo.

As argued above, it remains to show that, for v > 0,

lim limsupP{ max (H—én,é(TfL,j)H + |Z;1:5|> > 7n1/4} = 0.

k=00 n—oco 1<j<c(Fk)
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Since (Tﬁ,j)lgjgc(Fﬁ ) are independent Bienaymé(u) trees conditionally on their sizes, we
obtain

p{ s (st 1270 2 mt)

1<5<c(Fk)
) > !/t | FE ( M)azl}]

o [ 5n,0
=E P{1<jrg%z%k (HR|Tk |5H +12;"

[e(F})
2P
_]:1

IN
=

ol z et =120 ) (2 )

- -
<E ZP{HRWfWHooZ Fﬁ} ;
=

for all n sufficiently large, since |Z]"5| < /170 for all 1 < j < ¢(T}) and all n > 1.
Applying Proposition 5.10 to each of the conditional probabilities in the above sum, we
obtain that the right-hand side is at most

2
i [ (1Tl _2ay
Es Z n T8

=1

<n— |V<Tﬁ>|>2. [T

" n [V (TE) (5.11)

where |T#| is a size-biased pick from (|T} ;|)j>1. Clearly,

n— |V (Tp)|
n

<1

By Proposition 5.9, as n — oo, ]ff\’f\/(n — [V(TEY]) 4 0*1W where Fyk\| is a size-biased
pick from (]'yﬂ,j > 1). By [36, Section 8.1], conditionally on J,

U

7 J? + B?’
where B is a N(0, 1) random variable independent of J;. Combining this with (5.11), we
obtain that

1. S P a (HR )H + ’Zn,6|> > 1/4 < 28AE _B2
1M Su max . n .
n%oop 1<j<c(Fk) n6 (eS) J =" B O"YS le + B2

As k — oo, Ji B . Therefore, by bounded convergence,

lim lirnsupP{ max (HRn5 )HOO + ]Z;W’) > 7n1/4} =0. O

k—oo n—oo 1<j<c(Fk)

Assuming Proposition 5.10, Proposition 5.1 now follows from (5.4) by taking ¢ € (0,1/4)
sufficiently small so that Proposition 5.3 holds and combining that with Propositions 5.2
and 5.7.

6. THE MAXIMUM SPATIAL LOCATION: PROOF OF PROPOSITION 5.10

We assume throughout this section that y is critical and has finite variance o2 € (0, 00),
and that [A1] and [A2] hold.

For n > 1, let A .= (Agn),Agn), .. ,A%L)l) be the sizes of the subtrees of the root

1
of Ty, so that Agn) is the size of the subtree rooted at the i-th child of the root. We
will make extensive use of the fact that, conditionally on D7, these are exchangeable
random variables (i.e. their distribution is invariant under permutations of the labels). To
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prove Proposition 5.10 we will make extensive use of the following consequence of Lemma
25 of Haas and Miermont [14] which, roughly speaking, tells us that typically only one
subtree of a child of the root is macroscopic and, moreover, the probability of a non-trivial
macroscopic split at the root is on the order of n=1/2.

Lemma 6.1 (Lemma 25 of Haas and Miermont [14]). It holds that

E|1- % (Az(‘n)>2 = 0(n~1/?). (6.1)

=1

In the proof of Proposition 5.10, we encounter terms directly related to the global
centering and global finite variance conditions, respectively. The latter is more challenging
to control, and is the reason for the third moment condition on the offspring distribution.
These terms, and the control we will require on them are stated in the following technical
lemma. Recall the definition of ﬁm, the size-biased ordering of D™ = (D7*,...,D]"), 1ID
samples random distribution p conditioned to sum to m — 1.

The proof of Proposition 5.10 is inductive, and requires that we control the maximum
of ]:2’;; 5 When restricted to subtrees of TE. We henceforth use m > 1 to denote the number
of vertices in the underlying tree, T,,, and n > 1 to denote the truncation threshold n'/4-9
on the displacements. More speciﬁcally, in this section, we will consider branching random

walks on T,,, with displacements Y, " S k>1.

Lemma 6.2. Letn > 1 and m <n. There exists B > 0 such that

ﬁ{" A(m) 2 -
E> = (V22 )2 <B. (6.2)
1

. m
=1

If in addition (u,v) satisfies [A1] and [A2] then there exists B' > 0 such that

Dy s\ (m)\ 2 ) 1/4b )
A; o ns B'n'/ B
E i Yy < T 6.3
;( m ) Dril|l = /m ml/4 (6.3)

Condition [A1] pertains to the mean and variance of the displacement of a uniform child
of a vertex with a size-biased number of offspring, Y57U5. The displacement from the root

of T,, to a uniform child is distributed as Y=,, U- and we have 13’1” & §_ as m — 00.
1>~ pm

However, in order to use the global centering and global finite variance conditions in the
proof of Lemma 6.2, we need something stronger, namely an explicit rate of decay for
the total variation distance between the laws of £ and Dm This is provided by the next
lemma.

Lemma 6.3. As m — oo,

dry (DY, €) = Z’P{ — k} = P{E=k}| = o(m™'7?).

Proof. Let k > 1, and let (Sy,)m>1 be a random walk with 11D p-distributed increments.
Recall from (1.14) that

{br =)= () PR oy P,
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Since E [¢] = 1 and E [¢*] < oo, by Theorem A.2,

var(m—1)oP{Sp_1=m—-1—-k}

3
_ k202 (m-1)) (4 1 » k _ 3k —1/2
¢ < * vVm —1603 \a3(m —1)3/2  oy/m —1 +olm™).

If k= O(m!/*4),

K3 3k
— — O(m~ /4
o3(m—1)32 ¢ m—l‘ (m=,
and
2
—k2/(20%(m-1)) _q _ K -1
e 1 502(m = 1) +O0(m™ ).

Hence for k = O(m!/%),

2
V2rm —D)oP {Spoy=m—1 -k} =1— — " om 1),

202(m — 1)
It follows that for k = O(m!/4),
2 _
m \P{Sp.1=m-1-k} 1- 57 m 1 T oM ) _ 1—k72+ (m~1/?)
m—1 P{S,=m—-1} 1+ o(m=1/2) 7 202(m—1) oum ’

and, consequently,

Therefore,

> [P {r =4} -p (=)
[m1/4] 00

= > [p{br=k}-Ple=k}|+ Y |P{Dr=r}-P{E=4}
k=1 k=|ml/4]+1
[m?/4]

= <22>]€2_1+0(m_1/2)>P{5=k}+ i ’P{AT:k} _P{g:k}’
= \20%(m - 1) b4 41
o R U W L G R )
k=|ml/4]+1

<o(m™2) + (c+1)- P{€>m'/},

where the final inequality follows since P {ﬁ{” = k:} < cP {5 = k:} for all £ € [m]. Since

E [53] < 00, € has a finite second moment. Therefore, P {5_ > k:} =o(k™?) as k — oo and
so P {¢ > m1/4} = o(m~'/2). The result follows. O

The terms (6.2) and (6.3) relate to the variance and mean (respectively) of the dis-
placement of a uniform child of the root in branching random walk (T, }7”75). Since this
branching random walk is globally centered, it is reasonable to expect that the mean will
be small and that the second moment will be bounded. A key technical lemma follows.
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Lemma 6.4. There exists a constant C' > 0 such that for m < n,

Dm
E iifff"s L On
BT i=1 brill = ym -

Proof. Let (ﬁﬂ“,g) be a coupling of the degree of the root of T,, and the size-biased
distribution of y. We consider the events {¢ = D} and {£ # D"} separately:

D™ 3 D
1 Sens 1 oS 1 Cns
51 B z;yﬁ;”,i = |E gZ; & te=op) || TR B 2 Y op dertpy
1= 1= 1=

¢ by

o 1 Srn,0 1 1,0

= |E 52 & Yezpp) || TE 5?12‘%;«1;’1[#3;”1 (64)
1= 1=

where the equality holds since

Since \}v/kn]’.5| < 2049 for all k > 1 and j € [k] it follows that (6.4) is at most

Anpt/A-op {g’ #* ﬁ{”} The result follows from Lemma 6.3 by taking an optimal coupling

of (D%, §). O
We now proceed to prove Lemma 6.2.

Proof of Lemma 6.2. We first prove (6.2). Note that by exchangeability of (Agm), el A(fn))

D,
and linearity of conditional expectation
15{” A(m) ’ 1,0 \2 | 1 15{" 1,0\ 2 15{” A(m) ?
i) n, _ - n, 1
i=1 L 1 =1 =1
- 1 B
<E | > (V2 )?
_D{n =1 o
1 £ .
<CB |2 (V)?
i
o 76
=cE [( g,U,)ﬂ, (6.5)

where the second inequality follows since P {ZAD{” = k} < cP {E = k} By Lemma 5.8,

(6.5) tends to 4% as n — co and hence (6.2) holds.
We now proceed to proving (6.3). By linearity and the triangle inequality we have

Din A(m) ’ N

i=1
L o S L o 5 D/ p(m)\ 2
SE|=> YV 4+ [E[| =) Y | [1=) [~ . (6.6)
D71n — D i DM D*yi — m
=1 1 =1 =1
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By Lemma 6.4, (6.6) is at most

Dy Dy 2
Cn/1-0 L /g
—— + |E Yo 1-— !
vm Dy = Z it z:: m
Applying the Cauchy—Schwarz inequality to the second term yields an upper bound of
27 1/2 5 ) 27 1/2
Cnl/4—5 1 Am
——+E E|f|l1- L
v\ By ,Zl' ' Zl m
~ 1/2 ~ 27 1/2
Dr D 2
I R N
<T———+E|—> (V2 )2 E||1- i , 6.7
\/ﬁ D{” ;( Dy 71) ZZ; m ( )

where we have again used the Cauchy—Schwarz inequality on the sum inside the expectation
to get the second inequality. Since P {ﬁ{n = k:} <cP {E = k:}, by the same methods used
n (6.2), there exists ¢’ > 0 such that (6.7) is at most

= 21 1/2
Opl/a=6 DI/ A(m)\ 2
o | (1o (A

\/m =1

Lastly, since 22 < z for all 2 € [0, 1], we obtain the bound

Dy 7 (m)\ 2 1/4—s NN e
A" “ns Cn'/*~ A"
E L1 Yr <———+E|1- L
and the result follows by Lemma 6.1. g

We now present the proof of Proposition 5.10.

Proof of Proposition 5.10. For n > 1 and m < n, let Rmm’g be the spatial process of a

branching random walk ’i‘m,n = (Tm,iv/”“s) where the displacement vector of a vertex
v € v(Ty,) \ 0Ty, with k children is distributed as
n,0 n,0
)

Furthermore, let

v

R := max < 0, max R
m,n,0 P 0<i< m,n,0 (9
and

R;nn 6= min {0 01<111n Rm,n,é} .

It suffices to prove that there exists A > 0 such that for all m > 0, all n > m and all
v >0,
o A A
P{R;n5>’yn1/4}§—8 and P{Rmn5>’yn1/4}§—8,
K b Iy Iy

since Proposition 5.10 then follows by taking n = m. We only prove the tail bound for
RJr n,s s the bound for R ns then follows by symmetry.

Notlce that R+ ne =0 for all n > 0, and so the claim holds trivially if m = 1. Moreover,
at the cost of takmg A > 0 larger, it is sufficient to prove the result for v > 0 sufficiently
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large. We will proceed by induction on m > 2, and hence assume that for 1 <k <m —1
and v > 0,
9 A
P {RZM > 7”1/4} < 5
b bl ,y
for all n > k. R
Observe that conditionally on DJ* and A(™),

v d v “on 6
R = max< 0, max < R" +Y .
a0 “1<i<pp | A ins D

For the rest of the proof, we write }v,in,a in place of Ev/g;f‘ to ease the notation. Take
10

up € (0,1) such that for all 0 < u < ug, (1 —u)~® < 1+ 8u+ 72u?. Then, taking v > 2/ug
(recall this is possible at the cost of taking A > 0 larger), it follows that

» 1/4
P {R:rrl,n,é <n / }

N~ o 76
=E|P { max {RX(m) ns + ’YZ” } < 7n1/4
| |i<i<hy o™

D, A(m)}

BTa (m)’ ﬁn’é} )

.

_ P+ 1/4 _ ynd

—E Hlp {RAZ(."‘),n,é < ntt -y,
1=

where in the second equality we have used the tower law and the branching property. We
will bound the right-hand side of the above equality by applying induction on each term in
the product. More specifically, taking n = k = Az(-m) and for the i-th term of the product,
by the induction hypothesis we obtain

Dy
i=1 !

_ﬁ'{n } 7n1/4 _ Yn,(; (m)v1/a] A (m) o
=E HP RA§m>,n,5 < W (A; )51 DY AT Y
=1

)

>E ﬁ O
= (/Ynl/zl_}“/;n,é)g .

i=1

Furthermore, since [[*_,(1 — 2;)1 > 1 — Y% | 2; for any non-negative sequence (z;)i>1,
we may lower bound the above as

Dy (m)y2 ENON o6\ 78]
E H 1- A, “)6 Zl_ésE Z A 1_Yi14
i=1 (ynt/4 —Y;"")® + i | i=1 " ynt/

[ Dm 2 o 78:
A LA y o
>1- —_FE E J 1— &
= 78 — ( m ) ( ,-ynl/4 5

where the final inequality holds since m < n. Moreover, since 7 > 2/ugp, we have
that [YV;"|/(yn/4) < ug for any n and so (1 — Y™ /(ynt/4))=8 < 1+ 8V /(yn!/*) +
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72(Y"")2/(+2\/n). Hence,

bm 2
) A A LA™
+ < 1/4 > _ = _ 7
PRy, s <t} =1 S B 2( = ) (6.8)
Dm 2
8A LA™\
o E 7 Y”; X
i/ ;<m> ; (6.9)
bm 2
72A LA™\ s
- —_E i Y2, 6.10
o Z( ) ) (6.10)

where we may take the denominator of the final term of the above expression to be v'%/m
rather than +v'°/n as m < n and the expectation in this term is non-negative. Applying
(6.1), (6.2), and (6.3) to bound the expectations in (6.8), (6.10), and (6.9), respectively,
we obtain that there exist constants B, B’, B” > 0 such that

A AB" 8A <B’n1/4_5 B’) 72AB

P{J“%Jr < 1/4}>1_7 _ _
mn,s = 1T = 8 + Bm A9t/ Jm Ry ~0/m
A A 8B’ 8B' T72B
yf+<y____>.
¥ ¥Vm wmy P
For ~v > 0 large enough, the final term in parentheses is positive so the whole expression
is at least 1 — A/~8, and the result follows. O

7. THE HAIRY TOUR

In this section we prove Theorems 1.3 and 1.4. In particular, we show that un-
der assumptions [Al] and [A3] for a given measure m with n € [0,2), we have that
(n_l/ 2H,,,n~1/(4=n) R,,) converges in distribution to a generalisation of the hairy tour in-
troduced by Janson and Marckert [18] if n = 0, and to a process whose second coordinate is
a pure jump process if n € (0,2). Recall that by [A3], 7 is a Borel measure on R?\ {(0,0)}
such that for for any € > 0, both (R4 x (£,00)) < oo and 7((g,00) x R}) < 00, and that
for all Borel sets A C R% \ {(0,0)} for which 7(9A) = 0,

1
FA-np {r <1H<1?<X§ Ygt, g%xg Ygz) € A)} — 7(A)
as r — 0o, where Y,:j = Yj,;V0and Y, = (=Y},;) V0. The measure 7 will be the intensity
measure for a Poisson point process which drives the second coordinate of the limit.

Recall that T, = (T,,Y) is such that given T,, Y = (Y, v € v(T,) \ 9T,) is a
collection of independent random vectors, where if v € v(T,,) \ 0T, has k children then
Y(®) has distribution ;. Observe that, for fixed n € [0,2), by assumption [A3], if the
measure ™ has non-zero mass then

max _[|[Y V| = Op(nt/U=").
vev(Ty)

Fix v > 0, 6 € (0,1/(4 — 7)), and suppose that n > 1 is sufficiently large so that
nl/(4=m=0 < 4pl/(4=1)  Ag in the proof of tightness for Theorem 1.1, and more specifically
as in Section 5, in order to prove Theorems 1.3 and 1.4, we will need to consider three
“restrictions” of the branching random walk T,,. These restrictions are a generalisation
of those used in Section 5 from the case 7 = 0 to that of general n € [0,2); the modified
definitions are given below.



DISCRETE SNAKES WITH GLOBALLY CENTERED DISPLACEMENTS 49

We denote the restrictions of Ty, by Tps = (Tp,Yns), T, 5 = (Tn,Y,),), and Ty, =
(T,,Y,)). Again, these branching random walks will respectively capture the “typical”,
“mid-range”, and “large” displacements in T,,, as follows:

(1) (typical displacements): For all v € v(T,) \ 0T,,
Yn(,? = Y(v)l[HY(”)||oo§n1/(4*’7>*5];
(2) (mid-range displacements): For all v € v(T,,) \ 9T,
YTZ;S(”U) — Y(v)1[n1/(4—’7)—‘5<|\Y(”)||oo§7n1/(4—’7)];
(3) (large displacements): For all v € v(T,) \ 0T,
Y = YOI 0 st/ aom)-

We note that, informally, taking v | 0 in T}, captures all displacements of the largest

order. We define R, 5, R 5, and R}, to be the functions encoding the spatial locations of
the vertices of T, 5, TZ, 5> and T/, respectively.

Before studying the convergence of the functions R, s, R) s, and Rj), we will prove
convergence upon rescaling of the values of the large displacements. For v € v(T,,) \ 0T,
let

Y@+t =0V max YA(v),
j€le(v,Tn)] 7

Y= =0V  max (—Yj(v)),
J€le(v,Tn)]
be the largest positive and negative terms (respectively) in the displacement vector Yy (®)
from v to its children and, for v € 9T, set Y1) = Y(»~) = 0. For a finite multiset
S C R?, by “the decreasing ordering of S” we mean the vector (s1,. .., sp,) which lists the
elements of S in decreasing order of their largest coordinate, breaking ties in decreasing
order of their smallest coordinate. Let L;” be the decreasing ordering of the multiset

{(Y(”’”, YNy sqm/aonyy © € ”(T")} ’ (7-1)

concatenated with an infinite sequence with all entries (0, 0).
Lemma 7.1. Fiz v > 0 and suppose that [A1] holds and [A3] holds for a given measure
m with n € [0,2). Then as n — oo,
LZ7’Y d
o Y
s L

in Lo, where L™ is the decreasing ordering of the points of a Poisson process on RQZO with
intensity 7(dz, dy)1(pvy)>s) concatenated with an infinite sequence with all entries (0,0).

Proof. Let (&;,i > 1) be ID samples from the offspring distribution p. Further, for i > 1,
sample Y, independently and let

Y;; =0V max Y, ;,

JE[&]
Y, =0V max(—Ye ;).
& (o)

By definition, the multiset {(Y(*1), Y (®)) v € v(T,)} is distributed as {(Yg,Yéj),z €
[n]} conditioned on the event that y ;" ;& =n — 1.
For n > 1let L)” be the decreasing ordering of

(O Y)Yy josmrrianys 3 € ]}
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concatenated with an infinite sequence with all entries (0,0). We will first show that as
n — 00,
n /=y 4y oy (7.2)

in . To this end, note that by [A3], for any =,y > 0 such that z V y > v and such that

m(({z} x [y, 00)) U ([z,00) x {y})) = 0,
P {Yg" > an!/670, Y > ynt 0 o (@, 00) x (y,0),
as n — oo and moreover, 7((x,00) X (y,00)) < 0o. Therefore,
HZ €[n] : Yg > anl/G=m) Yy > ynl/(4_’7)}‘
d 1 . _ _ _
= Binomial (nP {Ygr > gn!/=), Yo > yn!/( 77)})
N Poisson(7((x, 00) X (y,0))), (7.3)

and (7.2) follows from the fact that a Poisson process on R? is determined by its distribution
on half-infinite rectangles and the continuity of the function z,y — x V y,x Ay that we
use to order the multisets.

We now show that the convergence in (7.2) still holds when we condition on ) ;" ;& =
n — 1. We note that the remainder of this proof is similar to the end of the proof of
Proposition 5.2.

Let M, be the number of elements in L}}” which are not equal to (0,0). Note that by

(7.3), the sequence (Mg)nzl is tight. Further, let Sy = Zie[n] fil[Hygi||oo>’ynl/(4—n)]. Since
&1,...&, are 1ID, the law of Y I | & depends on L7 solely through M, and SJ. To be

precise, let £7,&5,... be independent random variables such that for each ¢ > 1, £ is
distributed as §; conditional on ||Y,|lec < Ant/(4=1) Then,

n n—MZ
P{Zgi—k‘ﬁﬂ}—P §g+2§?—k‘s;{, MY 3. (7.4)
=1 =1

Let F : /o — R be a bounded measurable function. Then, by analogous arguments to
those used to prove (5.6),

n
E[F(LY)] =B | FILY L 50 e, g1 cpiisre | 2 &Gi=n—1

L i=1

+o(1)

B [PE My, oo, B, Sicmiova] )
= — o
P{CL G=n—1}
Ezv”

E |E [F(Ezﬁ)l[z?l 1. T <. S<mt/ite
T P & =n 1] +o(1)

P {Z?‘m & =n—1-8| M <nf, 8 < n1/3+5}
} P{3 i &=n—1}

where the last equality holds by (7.4). By a quantitative local limit theorem (see Lemma
A.3 in the appendix), we obtain that as n — oo

PSI e —n—1-s)
PO, G=n_1] "

—E [F(Ezﬁ) +o(1),
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uniformly over all m < nf and s < n!/3+¢. It follows that
E[F(L}")] = E[F(L37)] +o(1).
The result then follows by (7.2). O

In the remainder of the section, we continue to use L™7 to refer to a random vector
with the distribution given in Lemma 7.1.

To prove Theorems 1.3 and 1.4, we use similar methods to those used to prove Theorem
1.1. First, we will prove convergence of the branching random walk restricted to the
subtree spanned by k uniform vertices, by showing that the convergence from Proposition
4.1 holds jointly with that in Lemma 7.1, and that the limits are independent. This,
in particular, implies the convergence of the random finite-dimensional distributions in
Theorems 1.3 and 1.4. The independence is the key issue here, and in order to obtain it,
we require adaptations of Proposition 4.3 and Lemma 4.4 to the setting of n-dependent
offspring distributions. The required technical results may be found in the appendix.

Following this, using similar techniques to those used in Sections 5 and 6 to prove
tightness for the discrete snake in Theorem 1.1, and applying the aforementioned joint
convergence, we will show that a discrete snake comprised solely of the “typical” displace-
ments converges to the head of the BSBE on rescaling by n=/* if n = 0, and to 0 on
rescaling by n~ Y= if 5 (0,2). Furthermore, this discrete snake is asymptotically
independent of the large displacements. In Section 7.2 we show that for n € [0,2) the
mid-range displacements make only a vanishing contribution to the head of the discrete
snake on the scale of n'/(4="_ Next, by a small variant of Lemma 5.6, we deduce that
the large displacements appear near the leaves. We apply this result to prove Lemma
7.11, which states that the discrete snake associated with the branching random walk T},
obtained by pruning sub-branching random walks rooted at vertices with large displace-
ments in T,, converges upon rescaling by n=1/(4=7) to the same limit as that of the “typical
displacement” discrete snake (with the limit depending on whether n = 0 or n € (0,2)).
Theorems 1.3 and 1.4 then follow by showing that the branching random walk obtained
by regrafting these pruned sub-branching random walks to uniform leaves of T}, has the
same law as T,.

The following proposition establishes the convergence of the branching random walk
restricted to the subtree spanned by &k uniform vertices, as well as the its asymptotic
independence from the large displacements.

Proposition 7.2. Fiz v > 0 and suppose that [A1] holds and [A3] holds for a given
measure ™ with n € [0,2). Fiz k> 1. Then

7n

as n — 0o. Jointly with this convergence, we have that

n n n n n d
( 1’J2""7Jk2’ 1,,Ak)H(J17J27,Jk,A1,,Ak)

(F'\ Fp,....FP) -5 (F1, B, ..., Fy),
where Fy, Fy, ... Fy are 1ID random variables, independent of everything else, such that
P{F,=1}=P{F;, =2} =1/2 and
_ d
n= VL[t ?) A IT = 1))iz0 = B(Bia(, /o) )10,

— n n n d
n VAL 4 2 ]) A (T = 1))es0 == B(Bayjo + B((,/0)1t)Aisr fo) — Blaijo))iz0

for1 <i<k—1, in each case for the uniform norm. Moreover, jointly with this conver-
gence,
Ly a
;Y
amy L
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n Lo, where L7 is independent of all the other limiting random variables.
Proof. Fix k> 1 and v > 0 and write
Vo= JS, TR AT, AL R B F
(L™(Ltn' 2] A (7 = 1)))e0), (L (] + L' 2 ) A (T3 = 1)))iz0), - -
(L™ ((Jf—y + [0 2)) AT = 1)))ez0)

for the vector containing all variables that, in Proposition 4.1, have already been shown
to converge jointly under rescaling when we equip the first 3k entries with the Fuclidean
topology on R, the last k£ entries with the topology of uniform convergence, and the
whole vector with the product topology. Then, let g be an R-valued bounded continuous
function (for this topology), and h : /oo — R be another bounded continuous function. By
Proposition 4.1 and Lemma 7.1 it suffices to prove that

E[g(Vi)R(LY)] = Eg(Vo)] E [R(LY7)] | =0 (7.5)

n

as n — oo.

Let (M;7,S77) have the joint distribution of the number of vertices with a large dis-
placement, ZveTn 1H|Y(U)”>W1/(4_n>], and the total number of children of such vertices,
> ve, €0 Tn) Ly @) |syn1/a-ni- Fix € € (0,1/6) and define the good event

G = {MJ7 < nf, 877 < nl/3te)

By analogous arguments to those used to prove (5.6), G; occurs with high probability.

Now recall that on=!/2.J? 4 Jyasn — oco. Fix T > 0 and let Gy be the (good) event
that J < T'\/n. (We observe that by choosing 7" large we may make P {G»} as close to 1
as we like, uniformly in n sufficiently large.) Then,

E [g(Va)W(L]7)] = E [g(Va) (L)1 g, g, ] + o(1),

where o(1) is to be understood as an error that tends to 0 as n — oo and then 7" — oo.

Let 7,7 denote the o-algebra generated by the degrees and displacement vectors of the
vertices v with ||[Y(®)|| > yn!/(4=")_ We see that G, and L7 are measurable with respect
to F7, and so

E [g(Va)h(L37)1(6,ng,)] = E [E [9(Va) gy | F7] h(LE7) 1] -

Therefore, since g and h are bounded, to prove (7.5) it suffices to show that as n — oo
and T — oo,

E [9(Vi)1ig, | F27] 1, — Elg(Va)] | 2 0. (7.6)

To prove (7.6), we will use the measure change between a size-biased random array and
a vector of 1ID size-biased random variables which may be found in Proposition A.4 below.
To this end, let ¢&™ denote a random variable with distribution p, conditioned not to yield
a large displacement vector (i.e. conditioned on maxj<;j<gn [Yen ;| < yn'/=7)) and let u"
denote the distribution of £". Using similar notation to that in Proposition A.4, write
rp for the value of M,;”, s, for the value of S;”7 and di,...,d,, for the degrees of the
vertices v with |[Y®)|| > ~An/(="_ Then, let & 11,-++,&, be IID samples from p" and
write Z = (Z1,.. -, Zn) = (d1,...,dr,, 0 1y, &), Further, conditionally given Z, let
¥ = X be the random permutation in (A.1), so that (Zx),..., Zx(,)) is a size-biased
random re-ordering of Z. Also define 7, (X) = min{j € [n] : £(j) € [rn]}. Finally, write
N=Np,, =|{ie{rn+1,....n}:£"> 0}
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Y

Note that conditionally on F,/"”, the remaining vertex degrees are distributed as AP
&, conditioned on &y + -+ &y =n —1— s,. Therefore,

E [9(Va)lig, | F7]

=E E

9(Va)1ig,) Fav

n
g;ln+17"'7§77’:7 Z é'{b:n_l_sn’fgﬁ]

i=rn+1

By (A.18), 7, (X) > T'y/n with high probability. Furthermore, by a Chernoff bound,
N > T'\/n with high probability. It follows that

E |E Q(Vn)l[gg] §;ln+17 ce 7527 Z gzn =n—1- Sny}—ﬁﬁ] -7:3’7]
1=rn+1
=E|E Q(Vn)l[gg]1[NZT\/E,7—M(E)>T\/7H g;ln—&-l’ s 7677117 Z é—:l =n—1- sﬂv}dg”y] FZZN]
i=rn+1
—+ Op(l).

Now, observe that on the event Go, T¥ contains at most T'\/n vertices, and further on
the event 7, (X) > T'/n, none of these vertices have a displacement exceeding yn!/(4=7).
This implies that Q(Vn)l[gg]1[N2T\/ﬁ,nn(2)>T\/rﬂ only depends on £ ,4,...,&; and Fi7
through Zx1y, ..., Zy(rym)) and X(1), ..., E([T'v/n]). Therefore,

E |:9(Vn) 1[92]

]
=E E g(Vn)l[g2]1[N2T\/ﬁ,7—m(2)>T\/qﬂ ZE(l)» cees ZE(LT\/HJ)a 2(1), ceey E(LT\/EJ)} fg’q
+OP(1).

=E|E 9(Va)1g,

Zs1ys - > Zsirya)ys 20, - BUTVRD) | Ynstyman, ()57 ]:;Lm}
+op(1)

where the last equality is implied by the fact that the events N > Ty/n and 7, (X) >

T/n are measurable with respect to Zx (1), ..., Zsrym)) 2(1), - -, 2(|Tv/n]). However,

observe that g(Vy,)1(g,) is independent of X(1),...,3([T'v/n]) given Zsy, ..., Zs1ryn))»
and so

} . (7.7)

E

1

E [Q(Vn)l[gﬂ

ZE(l)a---7ZE(LT\/HJ)72(1)7~-aE(LT\/ﬁJ):| LN>Tymm, (5)

-E [E [g(vnn[gﬂ

Zsys- o ZE(LT\/EJ)} N>ty ()

We now apply the measure change from Proposition A.4 to obtain that, for £}, €%, . ..
11D samples from the size-biased law of p”, (7.7) is equal to

E {E {g(vn)ygz] &,y gmﬂ] O (& Elrym)) | .7-"’”] (7.8)

where the inner conditional expectation of g(V, )1(g,) is now thought of as a measurable
functional of the 11D random variables £7, . . . ’fLTfJ in place of Zx1y, ..., Zs(|Tym))- This
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implies that
B [g(Va)ligy | 7] 1y

= E [E [g(Vn)l[gQ} 5{‘, e ’gLTfJ} Ol (51 yree ,ng\/gJ)

By applying Lemma A.5 on G; (which occurs with high probability),

O (&€ ) D 1

as n — oo and (O, (én, ... ,E_{‘T\/ﬁj))nzo is uniformly integrable, so (7.8) is equal to

ﬂﬂmwwm

BB oVl ... Efrymy| |7

}JrOP( )-

Since E [g (Vn) 1 [G2]

... ’SLTIJ} does not depend on F,]"”7, it follows that

E [E [Q(Vn)l[gz}

] =E [E [g(vn)ygﬂ g{b,...,gLTﬂ”

By Corollary A.10, the total variation distance between (£7, ... ’ng o J) and IID size-biased

g{La" : ’él_T\[J:|

samples from y, henceforth denoted by (&1, ...,& i), tends to 0 as n — oco. Therefore,
since g is bounded,

BB oVt & Erym | | =B [E o0 .o iy || + 000
Finally, by Lemma 4.4 and Proposition 4.3, this is in turn equal to
B|B o)1,

where we recall that N, = |[{i € [n] : D} > 0}|. Again, since the probability of G, and
N,, > |T+/n| occurring tends to 1 as n — oo and subsequently 7' — oo, we see that

BB [o0)1i04 Do Dy U2y | = Bo] +o(0)

which proves (7.6). The result follows. O

7.1. Typical displacements. Fix n € [0,2) and ¢ € (0,1/(10 —4n)) C (0,1/(4 —n)).
In this section we will study the function encoding the spatial locations of the branching
random walk T), 5 = (T,,Y,, ), namely R, s : [0,n] — R.

Proposition 7.3. Fiz v > 0 and suppose that [A1] holds and [A3] holds for a given
measure m with n € [0,2). Let 6 € (0,1/(10 — 4n)). If n =0, then

H,(nt) Rys(nt) LY\ a 0
(< \/ﬁ ) n1/4 n1/4 — et7ﬁ *I't 7L K )
0<t<1 0<t<1

as n — oo, in C([0,1],R?) x L,. Furthermore, L*7 is independent of ((et,r¢))o<i<1-
If n € (0,2), then

H,(nt) Rng(nt)> Ly d <2 )
I — | S —e;, 0 LT
<< Vo Tt/ J oy T et/ G o ") ocre

in C([0,1],R?) X Lo, where L7 is independent of (e)o<t<1-
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Proof. The convergence of the random finite-dimensional distributions follows from Propo-
sition 7.2 exactly as Corollary 4.2 follows from Proposition 4.1, but now with the additional
independence from L7,

We will obtain tightness (now on the scale of n!/(4=")) via arguments very similar to
those in Section 5, where we replace the truncations with those defined in Section 7. In
particular, the key point is that we must show the analogue of Proposition 5.7, which
states that

lim limsup P ¢ max sup |Rps(s) — Ry s(t)| > an/(4—n) —0.
k—00 n—oo 0<i<k S,tE[U(Z’)k*LU{;fl)*l]

Fix § € (0,1/(10 — 47)). For all n. > 1 and k > 1 let ;" € R¥ be such that

(YkJ, ey th) if maxi<j<k |Yk,j‘ < nl/(4_")_57

n,§ n,0 n,0y . __
Y, —(Yk,u---aYk,k)‘_{(O ...,0) else.

As discussed in Section 6, the displacements of the branching random walk T, s are not
necessarily globally centered and so may not satisfy [A1]. Thus to prove the result, we
will need to instead consider the re-centered branching random walk (Tn,Y;ﬁ) where
conditionally on Ty, the entries of V,*s = Y ’5(”), v € v(T,) \ 9T,,) are independent
random vectors, such that if v € v(T,) \ 0T, has k children then Y, 5(1;) has the same
distribution as
n,0 n,0
R > [Yé,Ug] .

The function R}, 5 :[0,n] — R encoding the spatial locations of (T, Y, ) is such that for
all t € [0, n],

na(t) S Rug(t) — B Y20 |- Ha(t). (7.9)
By Lemma A.11,
‘E [yﬁ [j& ] ( -0 ((nl/(4*n)*5)1*2(4*n)/3> ‘

Since (n~'/2H,(nt))o<t<1 N 2 (ey)o<t<1 as n — oo in C([0,1],R), it then follows that

[ Hnloo

n,0 P,
B[] Bo (7.10)

£7Ug

as long as § > 0 satisfies

() (-2 < -3

Rearranging, this is equivalent to requiring that § < (10 —4n)~!. For these values of &, we
then have

d

sup |R;, 5(t) = Ry 5(t)] — 0,

te(0,1]
and so there is no asymptotic cost in doing this re-centering. Arguing again exactly as
in Section 5, it is sufficient to prove the analogue of Lemma 5.10, which states that there
exists A > 0 such that for any v >0, 6 € (0,1/(4 —n)) and n > 1 we have

A
* 1/(4—
P {1} sl >3m0} < 2

It is straightforward to verify that the proof of Lemma 5.10 given in Section 6 generalises
immediately to this setting, on replacing n'/* by nl/(4=n). O
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7.2. Mid-range and large displacements. We will adapt the proof of Proposition 5.3
to the case where [A3] holds instead of [A2]. The proof of Proposition 5.3 uses Lemma
A.12 to show that, with high probability, there are no vertices with a mid-range or large
displacement that are ancestrally related. To apply that lemma, it is sufficient to bound
both the maximum degree in the tree and the number of vertices with a mid-range or large
displacement, with high probability. The required bound on the maximal degree follows
from the assumption that E [53] < 00. Therefore, for the adaptation, we need to obtain
the same control on the number of mid-range displacements under [A3] as we obtained
under [A2] in Lemma 5.4.

Lemma 7.4. Suppose that [A3] holds for a given measure m and n € [0,2). For § > 0
sufficiently small,

’{U € v(Tp) \ T, such that ||[Y V)| > nl/(4—n)—5}’ — op(n'/12),

Proof. Let &1, ... ,&, be ID with distribution u. Let x € (0, 1) be such that 7({z} xR;) =
m(R4 x {z}) = 0. Then, by [A3],

e oL o) {||Y§1 lloo > nl/(4*n)*5} < pl-@-nip {HY&Hoo > xnl/(4*n)*5}
— 7(((z,00) x Ry) U (Ry x (2,00))) < oo.

This in particular implies that there exists C' > 0 such that P {||Yg, [loc > n/#=mM=0} <
Cn~1+E=m90 for all n > 1. Tt follows that

Ay, = HZ €nl : [|Yglloo > nl/(4_")_6}‘ =gt Bin (n, C’n_1+(4_”)5> :

By a Chernoff bound, this implies that for § € (0, (12(4 —n))~!), and n > 1 sufficiently
large, for any ¢ > 0,

P {An > 5n1/12} <P {Bin (n, Cn—1+(4_n)5) - €n1/12}
=P {Bin (n, Cn*1+(447)6) > Cpt-—m9 (1 4 <£n1/127(4717)5 _ 1))}

=0 (exp(—n(4_”)5)> ,
SO

Z& =n— 1} =0 (n1/2 exp(—n(4_7’)6))

P {An s e
i=1

=o(1). O

Thereafter, we obtain the following result on the mid-range displacements under [A3]
with a proof that is analogous to that of Proposition 5.3; we omit the details.

Proposition 7.5. Fix v > 0 and suppose that [A3] holds for a given measure ™ and
n € [0,2). For § > 0 sufficiently small, as n — oo,

P {|11] slloo > 70!/} = o(1).

In the remainder of this section we will study the function encoding the spatial locations
of the “large-displacement” branching random walk T}, = (T,,Y,)), namely R}, : [0,n] —
R.

Let = be a Poisson process on [0,1] x R% \ {(0,0)} with intensity
dt @ m(dz,dy), and let 27 be the restriction of Z to [0,1] x (R% \ ([0,7] x [0,7])). Also,
recall the definition of the function U from just before Theorem 1.3.
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Proposition 7.6. Fiz vy > 0 and suppose that [A1] holds and that [A3] holds for a given
measure m and n € [0,2). Let § € (0, A ﬁ).
If n =0 then as n — oo,

Hy,(nt) R,s(nt 8 2 2
(( \/(;LL )7 7?5? )> )U <-R1/47®)> i> (O_etvﬁ O'rt> ’U(0757)
n 0<t<1 n 0<t<1

with convergence in the first coordinate in C([0,1],R?), and convergence in the second coor-
dinate with respect to the Hausdorff topology on non-empty compact subsets. Furthermore,
U(0,Z7) is independent of (ey,ry, 0 <t <1).

Ifn € (0,2) then as n — oo,

H,(nt) Rm;(nt)> ( R ) a <2 ) _
’ U (s et 0 U(0,=
(< Vi e ) oV e ) | (Geet) | U0ED

with convergence in the first coordinate in in C([0,1],R?), and convergence in the second
coordinate with respect to the Hausdorff topology on non-empty compact subsets. Further-
more, U(0,Z7) is independent of (e;,0 <t <1).

We first prove Theorems 1.3 and 1.4 assuming Proposition 7.6.

Proof of Theorems 1.3 and 1.4 assuming Proposition 7.6. For v and § as in Proposition 7.6,
(Rn(nt)> B <Rn,5(ms) ) Rz(nt)) . (RZ,a(nt))
1/(4—n) - 1/(4—n) 1/(4— 1/(4— :
nt/@=m J oo n mo /A ) nl/(4=n) 0<iet

By Proposition 7.6, as n — oo, U(n~ YD RY(n ), ) N U(0,Z7) with respect to the
Hausdorff topology on non-empty compact subsets, jointly with convergence

Ry, 5(nt) a |By/32r ifn=0
( 1/<4n>> - Vi -
n 0<t<1 0 if n €(0,2)
in C([0, 1], R?) where, for n = 0, U(0,Z7) and (r;)g<;<1 are independent. Therefore,

. (1 2, =Y ifp =
o (Basle) Tt ) s, U (sy/ir=) itn=o.
nt/t=m) ot/ ) U0, it n e (0,2).

Note that U(0, Z) is a compact set by our assumptions on 7, and that U(0, 27) 2% U/ (0, =)
in the Hausdorff sense as v | 0. We have

" (U ( Ry (n-) @> U <Rn,5(n-) N Ry (n+) ®>> < VEDRY

nl/(4-n)’ nl/(d=n) = pl/(d-n)’

and, by Proposition 7.5,
lim limsup P {HR7 5||OO > ,ynl/(‘l—??)} —0.
720 noco ™

We may now apply the principle of accompanying laws [6, Theorem 3.2] in order to obtain

that
R, (n: 2r,2) ifn=
U < 1/((4? ))>®> i> v (ﬁ\/:r’ ) =0,
ni A U(0,2) if n € (0,2),
which yields Theorems 1.3 and 1.4. O

The remainder of this section is devoted to the proof of Proposition 7.6. We will need
a notion of pruning and grafting of branching random walks. We refer to Figure 6 as a
visual aid in understanding the following three definitions.
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Definition 7.7 (Pruning branching random walks). Let T = (T,Y") be a branching random
walk with displacements Y = (Y(®) v € o(T)\OT). Let v € v(T) and T) be the subtree of
T rooted at v. The sub-branching random walk of T rooted at v is the branching random
walk TW) = (TW Y'Y with displacements Y' = (Y'® u € v(T™)\ aT™). Also, T
1s the branching random walk obtained by removing all descendants of v from T. More
generally, for v.= (vi,...,vx) a sequence of distinct vertices in v(T) such that no two

vertices in v are ancestrally related, we set TV = (T(”),v € v), and define T1V inductively
as TTV = (TT(Ulvmakal))T’Uk_

Definition 7.8 (Grafting branching random walks). For branching random walks T =
(T,Y) and T = (T',Y"), and for a leaf | € OT, let T ®; T = (T &, T,Y &, Y') be the
branching random walk defined by setting T, T = TUIT" and, for v € (T T")\O(T®,T")
setting

Y& v =

Y®  ifven(T)\oT
Y™ ifv =lu for some u € v(T")\ OT"

More generally, for branching random walks T, TY, ..., T* and distinct leaves 1y, ..., l; €
orT, define T @y, .. 1, (T, ..., T%) recursively over k as

T Dyl <T17 s 7Tk) = (T Dy yelos (Tlv s 7Tk_l>) D T".

The previous definitions imply that for a branching random walk T = (7,Y) and
vev(T),
TTU @v T(U) — T7
and more generally, for a sequence of distinct vertices v = (v1,...,v) of T such that no
two vertices in v are ancestrally related in T, that TTV @, TV = T.

()

T(Uz)
AEENO0I0l 1 J

FIGURE 6. On top, a spatial tree. We denote the associated branching walk
by T. On the bottom left, we depict f7(T) = (TTv7, {T®) T®2)1) which
is obtained from T by pruning the sub-branching walks of T that have a
displacement with absolute value exceeding 7 in their first generation. On
the bottom right is a spatial tree obtained by grafting the branching walks
(f7(T))2 to leaves of (f7(T));. T and T(¥2) to leaves of TTV7.
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We next use the above definitions to define a map that prunes the sub-branching random
walks of branching random walks that are rooted at ancestrally minimal vertices v with
[V )|, > 7. See Figure 6 for an illustration of the coming definition.

Definition 7.9. For a branching random walk T = (T,Y) and for 7 > 0, let v; =
(v1,...,0m) be the set of vertices v € v(T) such that ||[Y )]s > 7 and for all ancestors
u =, |[YW| <7, listed in depth-first order. Define a map fr by

T L7y (T {1 | Ty

where the second coordinate is a multiset with elements TWY ... TWm) which are the
branching random walks rooted at the vertices vy, ..., Up,.
For 7 > 0, let

v (Ty) == {v e v(T)\ 0T, : YW > 7, and |[|[Y ™o < 7 Vu < v} .

We will apply f; to T,, and then study the law of T, conditional on f (T,). Ob-
serve that given f,(T,), T, is determined by v"(T,). We will show that conditional on
f+(Ty), v7(Ty) is distributed as a uniformly random subset of leaves in (f;(T,))1. We
make this formal in the next lemma.

Lemma 7.10. Let 7 > 0 and write f,(T,) = (T,,{TL,...,T™}). Fix m > 1 and let
Y €y Sm, where Sy, is the symmetric group of order m. Further, let (L1,...,Ly) be a
uniformly random vector of leaves in T, listed in depth-first order. Then, given f.(Ty),
T,, is equal in distribution to

T;L ey (T%(l), e, TE(m))

n

Proof. Let (t',{t',...,t™}) be in the support of f,(T,). We will first show that

A et = {t’ T WY (1, L) leaves in t T € Sm} ,
(7.11)
where in the right-hand side, (11, ...,l;,) are listed in depth-first order. Following this, we
will show that the law of T,, conditional on its degrees and displacement vectors assigns
equal mass to all elements of the right-hand set in (7.11) and that each element of the right-
hand set corresponds to the same number of sets of leaves (1,. .., 1) listed in depth-first
order and permutations .

For the inclusion of the left-hand set in the right-hand set, observe that if for some
spatial tree t it holds that f,(t) = (t/,{t',...,t™}) then, for (I1,...,l,) the minimal
vertices in t that have a displacement vector with sup-norm lower bounded by 7, listed in
depth-first order, are leaves in t’. Thus there is some m € S,,, such that foralli =1,...,m,
t70) = t(). This implies that t =t/ @, ., (t™1), ... t7(™).

For the other inclusion, it is straightforward to see that for leaves (li,...,l;,) in t/,
listed in depth-first order, and 7 € S, it holds that f,(t' @, 4, (t™M, ... t7(™) =
(', {t!, ... . t"}).

We now show that the law of T,, conditional on its degrees and displacement vectors
assigns equal mass to all elements of the right-hand set. This follows from the observation
that, conditional on its degrees and displacement vectors, T, is uniform on all branching
random walks with those degrees and displacement vectors. Each element in

{t' Dl lm @D 6T0Y (1, L) leaves in t T € Sm} (7.12)

with l1,..., 1, listed in depth-first order has the same degrees and displacement vectors.
Finally, we show that each element of (7.12) corresponds to the same number of sets
of leaves (li,...,l,) and permutations 7 € S,,. To this end, note that every vertex in
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a spatial tree t with a displacement vector whose sup-norm is at least 7 has a non-zero
number of children, so for each t in the set (7.12), we can recognise (l1,...,ln) as the
vertices v that are leaves in t' and not leaves in t; thus, the choice of (l1,...,1,;) is unique.
Moreover, if the multiset {t!,... t™} contains j different spatial trees with multiplicities
mi, ..., m; respectively, then t corresponds to m!/(m1!...m;!) different permutations .
This number does not depend on t, and the statement follows. O

For n > 1, let 7, = n'/4="=%_ Further, let T/, = (T/,,Y’) denote the first coordinate

of f. (Ty), and Fy' = (T%U))Uevm(n) denote the second coordinate of f, (T,), where we
assume that the trees in F}, are ordered according to the depth-first order of their roots
in T),. We require one further lemma to prove Proposition 7.6.

Lemma 7.11. Fiz v > 0. Suppose that [A1l] holds and that [A3] holds for a given
measure ™ and n € [0,2). For n > 1, let H], be the height function of T, and R, be the
function encoding the spatial locations of T,,. Extend their domains to [0,n] by setting
H)(t) =R, (t) =0 for allt > |T},|. If n =0, then as n — oo,

H' (nt) R.(nt) LY\ 4 2 2
(( \/ﬁ y n1/4 ) n1/4a — ;etaﬁ grt aLOﬁ ) (713)
0<t<1 0<t<1

and if n € (0,2), then

H'(nt) R (nt Ly 2
e ) ) ),
Vo nt/Uen) o7 pl/Ge) o 0<t<1

with convergence in the first coordinate in C([0,1],R?) endowed with the topology of uni-
form convergence, and the convergence in the second coordinate in f.

Proof. We prove (7.13). The proof of (7.14) then follows by identical arguments. By
Proposition 7.3 it suffices to prove that as n — oo,

sup {n*1/2|Hn<j) — H,(j)| v n Y Ry s5(5) — R;@)\} = 0. (7.15)
1<j<n

We also prove (7.15) using Proposition 7.3. Fix ¢ > 0. The sample paths of both e
and r are almost surely continuous so since [0, 1] is compact, they are in fact almost surely
uniformly continuous. This implies that there exists p > 0 so that

P sup
0<s<t<1,|s—t|<p

Then, the convergence in Proposition 7.3 implies that for n sufficiently large, the proba-
bility that the event

B { . {|Hn<k> — Ho(0)] |, |Rus(k) = Rn,aw)r} . }

0<k<t<n,|k—t|<pn nl/2 nl/4

2 2
—€5 — —€
(o g

2 2
V|By/—rs — By —T¢
g g

> 5/2} <e/2.

occurs is less than e.
Next, let

v*(Ty) = {v € v(To) \ 0T : [[Y®|os < 040, T u < v with Y@ > nl/H} .

By identical methods as those used to prove Lemma 5.6, it can be seen that v*(T,,) = op(n)
and so for n sufficiently large, P {|T}| <n —pn} <e.

Now suppose that neither of the (unlikely, bad) events {|T}| < n — pn} or B, hold.
Observe that H,, and R], can respectively be obtained from H, and R, s by “skipping”
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all the vertices in v*(T,). To be precise, for 1 < k < |T/|, let P, (k) be the position of the
k-th vertex that is not in v*(T,,) in the depth-first order of T,,. Then,

(Hn<Pn(k))7Rn,5(Pn(k))) for k=1,..., ‘T;z‘

CACNADIE {(O, 0 for k> T

By our assumption that n — |T]| < pn, we have |P,(k) — k| < pn for all k; by our
assumption that

sup
0<k<t<n,|k—t|<pn

an_Hne Rn k'—Rn l
{| ()1/2 @1, [Bns( ilm ’5()|}<5,

we then also have

|Hn (k) — Hy, (k)| |, [Bns(k) — R (K)|
Vv : . 7.16
ozllilg)n { NG nl/a <¢€ (7.16)
Since € > 0 was arbitrary, the result follows. ]

With Lemma 7.11 in hand, we proceed to proving Proposition 7.6. In the proof, the
pair (T, F}') is as in Lemma 7.11. Observe that by Lemma 7.10, given f, (T,), we can
obtain an object with the same law as T,, by grafting the branching random walks in F},"
at uniformly random leaves of the first coordinate of f. (T5).

Proof of Proposition 7.6. Let n > 1 be large enough so that nt/(4="=0 < Ap1/(4=1) Then
if v € v(T,)\ 9T, is such that ||[Y )| > yn/@=7 it also holds that ||[V(®)[s >
n'/(4=m=9_ The proof of Proposition 5.5 can be adapted so that under [A3] for a given
measure m and 7 € [0,2), for § > 0 sufficiently small, as n — oo

P {Hu,v € Tp,u < v, such that |V A Y™ ||s > nl/(4_")_5} =o(1).

If follows that at the cost of throwing away an event of asymptotically vanishing probability,
we may work On the event that there are no ancestrally related vertices u,v € v(T,) such
that both ||[Y )| > n/(4=1=% and |y W], > nl/(4=1)=3,

By Skorokhod’s representation theorem, we may work on a probability space where the
convergence in Lemma 7.11 holds almost surely.

We now use Lemma 7.10 to study the asymptotic law of R}, conditional on (T}, Fy).
Lemma 7.10 implies that given (T, FP"), we can obtain an object with the law of T,
by grafting each of the branching random walks in F}' onto uniformly random leaves
in T/,. In fact, in order to obtain the (conditional) law of R; we only need to sample
the positions of the vertices in v € v(T,) \ 9T, whose displacement vectors Y () satisfy
that ||Y (]| > yn'/#= since the trees of F)' attach to these vertices in exchangeable
random order. We denote the branching random walks in FX" by T(®1) . T(vam) (ordered
according to the depth-first order of their roots v1,... vy, € Ty). By symmetry we may
assume that for 1 < j < M,,, the largest and smallest displacement at the root of T(%)
(ie., Y1) and Y(%7)) are described by the j-th entry of Lj)7.

We claim that as n — oo, M, ~45 M for some finite, random variable M. Indeed, as
n — oo, n~ YW= LY 22 0y Furthermore, since vy > 0, almost surely L™ has finitely
many non-zero terms and each non-zero entry of n~1/ (4= 77)L77 7 is at £>° distance at least v
from (0,0), there are finite random variables M and N such that L;” has M non-zero
terms for all n > N large enough; i.e., the number of vertices v € v(T),) \ 9T, such that
[V )0 > Ant/4=1 is equal to M.

Now, for k > 1, let £} (k) denote the number of leaves in T} which are among the
first k vertices in the depth-first order of the vertices of T,,. Then £/, (k) is bounded from
above by the number of down-steps of the Lukasiewicz path W, (k) of T,, by time k. It is
bounded from below by this same number minus |7}, \ 7},| which is o(n) by (7.13).
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Therefore, by Lemma A.1, as n — oo

(%(LW)OSQ = (pot)o<e -

n

so that the positions of M,, uniform leaves in T/, in depth-first order converge upon rescal-
ing by n~! to M independent uniform samples from [0, 1], which we denote by Uy, ..., Uy
respectively. For all 1 < j < M, we graft T(%) (which has size o(n) since T/, has size
n —o(n) by (7.13)) onto the j-th such leaf of T, using the operation in Definition 7.8.
The branching random walk T(%) contains exactly one vertex (namely the root) with
displacement vector ||V, > yn'/4=") (since we assumed that such vertices are not
ancestrally related) and the largest and smallest displacements of this vertex are given
by L17(j). Therefore, asymptotically, n~/*#=" R} will contain a line segment from

(Uja _iji) to (Uja _Y}Jr)'

This implies that if n =0

! / 24
(), o o) (2o )
n 0<t<1 n 0<t<1

and if n € (0,2)

H] (nt) R, (nt) R} d 9 _
N 7 U\ 750 —e, 0 U0,z ].
(( vi v ) oo UG ?) | o (Ge0) Vs

The result then follows from (7.15). O

APPENDIX A. STANDARD RESULTS AND REMAINING PROOFS

A.1. Standard results. In this section we provide standard results which we use through-
out this work without proof. We start by stating a functional strong law of large numbers
for sums of 1ID non-negative random variables that we use at multiple points in proofs of
convergence of finite-dimensional distributions.

Lemma A.1. Let X1, Xs,... be 1ID random wvariables with X1 > 0 almost surely and
E [X1] = u < o0. Then, for any ay 1 oo,
1 lant]
— > Xt >0 | 25 (ut,t>0)
a
=1

n .

uniformly on compact sets as n — oo.

The next result is a generalised local central limit theorem, from Theorem 13, Chap-
ter VII of Petrov [35], which we use to prove tightness in Theorem 1.1.

Theorem A.2 (Theorem 13, Chapter VII of Petrov [35]). Let (X,)n>1 be a sequence
of 1D integer-valued random variables. Suppose that E[X1] = 0, Var {X;} = 02 > 0,
E [\Xl\?’] < 00, and the maximal span of the distribution of X1 is equal to 1. Let S,, =
Yo Xi. Then,

3
VornoP (S, = k) = W/t (1 L s (R 3k ~1/2
2mnoP {S, =k} =e (1 + 603 \ o332~ o/n +o(n= %),
uniformly in k € Z., where v3 is the third central moment of X;.
The last result is a quantitative local central limit theorem proved in [3, Lemma 5.5]

for k = 1, which we use in the proof of Theorems 1.3 and 1.4. The generalisation to k > 1
is standard.
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Lemma A.3. Fixn,f > 0, 0 < v < 1/2 and k € N. Then, there exist constants
C =0C(n,B,7,k) and M = M(n,,v,k) so that for all random variables X on Z>q that
satisfy the following conditions:

(1) the greatest common divisor of the support of X is 1;
(2) P{X=0}>y and P{X =k} >~;
(3) E[X?] <n and
(4) B[X?] <8,
it holds that for all m > M

\/ﬁp{m Xizﬁ}—gﬁ( ¢ — mE[X] )‘S c
; VVar{X}m Vvm

where X1, Xo, ..., are 1ID copies of X, and ¢(t) = e=t*/2 is the standard normal density.

sup
LeET

A.2. Measure change. For n > 1 let S,, denote the set of permutations of [n]. For
(K1, ... kn) € N let ¥ =X, 1) be the random permutation of [n] with law given by

N
P{S=0)=[]<=2 . forocs,.
};[1 Zj:ik (4)

We call (ksy(1), - - - kxn)) the size-biased random re-ordering of (k1,..., k). It will be con-
venient to extend this definition to vectors (ki,...,ky) that contain O-valued entries. We
start with a size-biased random re-ordering of the non-zero entries of (ki,. .., k,) and then
append to this the correct number of zeroes. Formally, if (ki,...,k,) € Z%, has N > 0
non-zero entries, let X, . x,.) be the random permutation of [n] with -

1 N L)

(n — N)' i1 Z;VZI kg(j) ’

for o € Sy, and still refer to (ks --kx(m)) as the size-biased random re-ordering of

(kb SRR kn)
For a permutation o € S,, and r € {0,1,...,n} define

() = {min{je n):o(j) €[]} it ren],
" n+1 if r=0.

(A1)

As discussed in Section 4, the proof of Theorem 1.1 relies on establishing a change of
measure, (4.5), which relates the size-biased random re-ordering of the positive entries of
the degree sequence of T, and 1ID samples from the offspring distribution. The proofs
of Theorems 1.3 and 1.4 rely on establishing a similar change of measure, which is a
generalisation of (4.5) to the situation where instead of an 11D sequence, the first r elements
are non-zero and are fixed in advance; the whole sequence is conditioned to have sum n—1;
and we consider the first m elements of the size-biased random reordering of the sequence.
Specifically, let m,n,r,s € Z>¢ with m,r,s < n, and p be a distribution on Z>g. For
ki,...,kn € N, we define

®u(k17 R km) = GZ’TVS(klv R km)

:P{Xm“—i_”'—i_Xn_r:n_l_s_zzilki}-(E[Xl])m~H |
P{Xi+ -+ Xp,r=n—-1-s} el R R e

m

if k1 4+ -+ ky <n—1-—s, and otherwise ©,(k1, ..., ky,) =0, where (X;,7 > 1) are 1ID
random variables with distribution . We note that when r = s = 0, and p is a critical
offspring distribution, we recover (4.5).
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Proposition A.4. Fiz n,r,s € Z>o with r,s <n, and di,...,d, € N with >"._,d; = s.
Let y1 be a distribution on Z>o and (X;,7 > 1) be ID random variables with distribution .
Further, let

N=N,,={ie{r+1,...,n}: X; >0}

Let Z = (Z1y.o oy Zy) = (diy...ydpy Xyt .., Xp), and conditionally given Z,lety =
Y5 be given by (A.1). Finally, let (Xi,i € [n]) be ID samples from the size-biased dis-
tribution of Xy. Suppose that E[X;] < oco. Then for any m € [n —r| and any function
[N >R ifP{X;41+...+Xp=n—1—5)} >0, then

E |f(Zsay - Zom) Yvem m@)sm] | Xep1i+ o+ Xp=n—1-35

=E[f(X1,....Xn)0u(X1,...,.Xn)],
where ©,,(X1,...Xm) = O, (X1,... Xp) is as in (A.2).

(A.3)

We observe that when r # 0, 7,.(X) > m implies that N > m because all positive
entries occur before zero-valued entries in the size-biased random reordering. However,
when r = 0, the former event is vacuously true for all m € [n], but we still enforce that
N > m in (A.3). It follows that Proposition 4.3 is the special case when r =0, s = 0 and
X1,Xo,... are 1ID samples from the offspring distribution pu.

Proof. In this proof, for n > 1, and r > 1, we let

n], ={(n1,...,n) € {1,...,n}" : n; #n; for all i # j}.
Furthermore, for a set A we write A, for the set of ordered sequences (si,...,s,) of r
distinct elements of A. We also let p; = P {X; =i} for i € Z>o.

We first prove the proposition assuming that po = 0; we will later generalise this by
conditioning on the number of non-zero entries of Z and sampling a size-biased re-ordering
of only these entries. When py = 0, we have P {N =n} = 1, so the indicator N> In
(A.3) equals 1 and may be ignored.

For o € S,, we write Z, = (Zs(1ys -+ Zo(m)) and 0 [r] = (671(1),...,07}(r)). Observe
that for m € [n — r|, we have the equality of events

{1(2) > m} = {7 ] € (nP\m]),}

It is thus useful to determine the law of (Zs, ©[r]). Note that for any k = (k1,. .., kn) €
N and j = (ji,...,jr) € [n]s, if (k,7) is in the support of (Zs, X ~[r]) then kj, = d; for

X
’

cach i € [r]. For such (k,j)
P{ZE:E,E’l[r] :j‘} - ¥ P{ZU:E,E:U}

0€Sn:0~1[r]=]

:ﬁz’.‘kék-' 3 P{ZJ:E}. (A.4)
j=1 &=<Jj=1"J

0€Sn:o—1[r]=]

Since we fixed o~![r], the sum (A.4) ranges over exactly (n —r)! elements of S,, and each
term of the sum is equal to
H M-

JemN\{j,...dr}
Hence, for any k € N" and ; € [n],

P {ZE =k, X7 = 5’} =(n—r) (H 1[kji=di1> T (H Z"ki. k:) '
i=1 csdr } !

jelnN\ i, i=1
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Now, fix m € [n —r] and ky,...,k, € N. Note that it suffices to prove (A.3) when
f N — R has the form

m

f(zla cee Zm) = H 1[zi:ki]7 (A6)

i=1
So we now restrict our attention to this case. Since

" Zsy = Zd+ Z X;=s+ Z X;,

ze[n] i=r+1 i=r+1
for any ki1, ..., kn € N, by summing over the possible values of Zs;;;,41), - -, Zx(n) We can
use (A.5) to find that
P {(Zz(l)a ey ZE(m)) = (kl, R ,km),Tr(Z) >m, Z Xi=n—1- S} (A?)
1=r+1

B Z 1[2?:1]%:”_1]13 {ZE = (kﬁl,...7kn),2_1[7"} :j}
(Rt 1k ) ENT G (fn]\[m])

m ki
(H“’“) (sz)

r n ki
> 15 kimn1) <H1[khd]> I1 o (H S )
ie(

F Lk
(k41,0 k) ENT T =1 e([n\[mD\{71,--.5r} i=m+1 =0
FE([n\[m])-
Using that kux, = P {X1 =k} E[X}] for all k € N, writing n’ = n — m, and re-indexing
the above sum, this yields that (A.7) is equal to

— — S on—r—i+1
P{(X1,...,Xn) = (k1,.... k) VE[X]™ . n —r)!
(s T =ty m (25T o

r k‘/-
> Yo ben1ow h <H11[k}idi]> [ 11 H; 11

(ky,onok! ) ENT €[\ {j1,-5r} i€[n/] ZJ ik
el
Now, define Z/ = (di,...,dv, Xp41, - ., Xn_m), and conditionally given Z’, let X/ = P
be given by (A.1). Applying (A.5) to Z’ and ¥, we thus find that (A.7) equals

X X 141
P{(Xla...,X) kl,..., }H<n_1_zz 1k;_E[X1}>
= j=1"7
A S VAT I % R
Z ,1[27‘ 1k; nflfzzzlki]P{ZZ/—k,(E) [T‘]—]}
(k177 ,)EN™
JE[’]T
X X e 1+ 1
=P X?"‘7X k,..., E[X
(Fr Ko = (s }H<n-1_z;;1kj )
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Finally, since the sum of the entries of Z’E, is unaffected by the random reordering and is
the same as s + > . _T+m X, =s+ Z?:_l(Ter) X;, we deduce that (A.7) equals

P{(X17"'aXm):(kla--~7km)}H< n—ll Zii—‘rllk E[X1]>
n—1-37"

n—(r+m) m

P Z XZ‘:’I’L*1*S*ZI€Z'

=1 =1

Dividing the above expression by P {E” "X;=n—-1- s} yields the statement when
o = 0, in the special case that f has the form given in (A.6), and thus for general f.

For the general case with g > 0, we let p = 1 — pg. Further, we let X1, Xo,... be
11D copies of X conditioned to be positive. Notice that E[X;] = p~!E[X;] and that
the size-biased distributions of X; and of X; are identical. We let Xl, XQ, ... denote 11D
samples from the size-biased distribution of X;. Finally, fix m’ > 0 and define

Z = (Z,...., 2 .) = (diy o dey Xty o Xt )

and conditionally given Z/, let ¥/ = ¥, be given by (A.1).
Now fix m € [n — r] with m < m/. For ki,..., kn, € N, we have that

P {(Zg(l),...,Zg(m)) = (k1o k), (D) >m, > Xj=n—1-3s
i=r+1

N:m'}

=P {(Z’E,(l), . .,Z’E,(m)) = (k1y.. . km), 7(X) > m, Z Xi=n—1- s} . (A8
i=r+1

By the proof of the case where g =0, if k1 +--- + k, < n —1 — s this is equal to
P{Xl,...,i )= (k1. km)}

{ Z X; —"‘1‘3‘2’“}H(n_ni/__;:llk-mxlo ,

1=m+1 =1

and otherwise is equal to 0. For the remainder of the proof we may thus assume that
ki+- -4+ kn<n-—1-—s. Since X; 4 X1 and E[X;] = p'E[X;] this is in turn equal to

P{(Yl,... X)) = (k1. k) }

i m —i+1
{ Z X, _nlsZkl}H<n_1_Z€11kjE[X1]>. (A.9)

i=m+1

It then follows from (A.8) and (A.9) that

P {(ZE(1)7aZE(m)) = (kl,...,k‘m),N > m,Tr(Z) >m, Z Xi=n—1- S}
i=r+1

=P{(X1,....Xn, ):(kl,...,k )}

an{N m} e 141
. Z — { Z X; _n—l—s—Zk}H(n_l_zl_lkjE[Xlo.

m/=m i=m-+1 7=1
(A.10)
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Notice now that N = Binomial(n — 7, p). So using the change of variable £ = m’ —m and
letting M be a Binomial(n — (r +m), p), by routine algebra we obtain that (A.10) equals

n—(r+m) m+L m i1
> P{M—E}P{ > in—l—s—ZkZ} H(n—l—Z;ﬁkiE[Xl])

/=0 i=m/—l+1 =1
n—(r+m) m o —i41
Z P{M—E}P{ZXZn—l—s—Zl@} Hl(n IT—ZZ;‘HE[XIO

M m .
n—r—i+1
=P ZXi:n—l—s—Zki}H< — E[Xﬂ).
{z’=1 i=1 i=1 n_l_zjzl ki

Since Zf\i 1 X 4 Z?:_l(Ter) X, dividing the above expression (which is equal to (A.10))
by P{> " Xi=n—1—s} yields the result for the special case that f has the form
given in (A.6), and thus for general f. O

The next proposition gives conditions under which the change of measure ©,"° ap-

pearing in (A.2) is asymptotically unimportant in the specific case when m = 9(\/5)
and (X;,7 > 1) are 1ID samples from the offspring distribution p conditioned to yield a
displacement vector such that maxi<j<x, |Yx, ;| < Ant/4=n)  This then allows us to use
the measure change in the proofs of Theorems 1.3 and 1.4.

Lemma A.5. Let uu be a critical offspring distribution with variance o € (0,00), and let
v = (Vg)k>1 be such that [A1] holds and [A3] holds for a given measure ™ with n € [0,2).
Fiz v > 0. Let £ denote a random variable with distribution u, and for n > 1 let £ be
distributed as &, conditioned to not yield a displacement vector with maxj<;<en |Yen ;| >
At A=) - Burther, let ™ denote the distribution of £, and let En &R ... be ID samples
from the size-biased law of £".

Finally, fixe € (0,1/6) and let (rp)n>1 and (sp)n>1 be sequences such that for alln > 1,
T < N, 5y <NV and n— 1 — s, is in the support of Z?:Tnﬂ IS

Suppose that m = ©(y/n). Then as n — oo,

S (SIS § (A.11)
and (@Z;f"’S” (€7, ... €1))n>1 is a uniformly integrable sequence of random variables.

The proof of Lemma A.5 is very similar to that of Lemma 4.4. However, in this case
instead of the standard local central limit theorem, we will require a quantitative local
central limit theorem in order to get uniform estimates on local probabilities for the family
of random variables {£",n > 1}.

Lemma A.6. Let i be a critical offspring distribution with variance o € (0,00), and let
v = (Vg)k>1 be such that [A1] holds and [A3] holds for a given measure ™ with n € [0,2).
Let v > 0. Further, let £ denote a random wvariable with distribution u and for n > 1
let & = (1,0 > 1) be 1D copies of & each conditioned to satisfy {maxlgigq \ngnz\ <

'ynl/(4*’7)}. Then there exist C, N > 0 and M such that for all m,n > N,

- kE—mE [¢]] C
J»P{Zﬁl k} qﬁ(wVar{g{‘}?n)‘S\/m7

where ¢(t) = e /2 is the standard normal density.

sup
kEZ

This lemma is immediate from Lemma A.3 as soon as we show that the family {£", n >
1} satisfies the conditions of that lemma. This is verified in Lemmas A.7 and A.8.



68 L. ADDARIO-BERRY, S. DONDERWINKEL, C. GOLDSCHMIDT, AND R. MITCHELL

Lemma A.7. For all n sufficiently large, the support of £ has greatest common divisor 1.

Proof. By assumption, the support of £ has greatest common divisor 1, so we can find an
M such that the greatest common divisor of the support of ¢ restricted to {0,..., M} is 1
Since yn!/=1 > M for n sufficiently large, the result follows. O

Lemma A.8. Asn — oo,
E [(gn)j} SE[E] forj=1,23 (A.12)

and

[E[€"] — 1] = O(n™>?). (A.13)
Proof. For j € {1,2,3} we have

B[] -3 WP e - 1)

k=1

: ;MP {max; cice Ve | < ynt/G-m} — (1 +0 <n>> B[],

where the final equality follows by assumption [A3]. By the bounded convergence theorem,
as n — o9,

E [(ém)J] > E [fj} - E [fjl[mamgis& \Yg,i|>’ml/<4’")}] — B [gj] ’

where we have used assumption [A3] again. (A.12) follows.
To get the more precise lower bound for j =1 in (A.13), observe that

E [fl[mamgigg |Y§’i|>,yn1/(4—n)]i| < nl3p {ln<1a<xE |Yeil >n /(4n)} +E |:€1[§>n1/3]} )

The first term on the right-hand side of this inequality is O(n~2/3) by [A3]. Also, E [53} <
oo and so the second term is also O(n~%/3), thus establishing (A.13). O

The last tool that we need to prove Lemma A.5 is an upper bound on the total variation
distance between £ and § where £, a sample from the size-biased law of &.

Lemma A.9. Let X be a random variable taking values in N such that E[X] > 0 and
E [X3] < 0o. Let (En)n>1 be a sequence of events with P{&,} =1 —O(1/n). Let X, be
distributed as X conditional on E,. Let X,, have the size-biased law of X,, and let X have
the size-biased law of X. Then,

drv(Xp, X) = ZyP{Xn_k} P{X = k}| =03,

Proof. By definition,
kEP{X =k, &}
E X1,

Since E [X?] < oo we have that P {X > nl/?’} = o(n~!) as n — oo and so Holder’s
inequality yields that

kP {X =k}
E[X]

P{X,=k}= ,and P{X =k} = (A.14)

E {Xl[X>n1/3]:| <E [Xg] 1/3P {X > n1/3}2/3 _ 0(77,72/3).

Next,
E [X1jgg) < n'PP{E} +E |:X1[X>nl/3]i| = 0(n~2/?),
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so that E[X1g,] = E[X]+O0(n~%/3) and the difference between the denominators in (A.14)
is O(n=2/3). Tt follows that

S [P (X =k} P (X =8
-3

kP{X_k &) KP{X =k}

k=1 Xl[&iﬂ E [X]
< kP {X =k E} | + O(n2/?)
E X1, (; )
. Pl/3
< kP{X =k, &} +E|X1 O(n=2/3
nl/3p {&c} E [Xl[X>n1/3J N O(n_2/3)
T E[X1g)  E[X1g,)
= O(n_2/3).
The first term on the right hand side of the above inequality is O(n~2/3) since P {5} =
O(1/n). O

This lemma has the following corollary.

Corollary A.10. Let u be a critical offspring distribution with variance o € (0,00), and
let v = (vg)k>1 be such that [A1] holds and [A3] holds for a given measure ™ withn € [0,2).

Fiz v > 0. Let € denote a random variable with distribution u and let &,&, ... be 11D
samples from the size-biased law of &. For n > 1 let £ be distributed as &, conditioned to
not yield a displacement vector with maxi<j<gn |Yen ;| > AnY A= Further, let u” denote
the distribution of ", and let £4,€%, ... be TID samples from the size-biased law of ™.

Then for m = ©(y/n),

dTV((g?a s 7577711)7 (517 e >£_m)) = O(n_1/6)'

Proof. By [A3], £} is obtained from &; by conditioning on an event which occurs with
probability 1 — O(1/n). Therefore, by Lemma A.9, the total variation distance between
£r and & is O(n=2/3). Since m = ©(y/n), the conclusion follows. O

We now prove Lemma A.5. Since the proof of this lemma is very similar to that of
Lemma 4.4 we will be brief.

Proof of Lemma A.5. As in the proof of Lemma 4.4, we may assume that there exists
t > 0 such that m/y/n — t as n — oo.

Suppose that kq,...,ky, € Z>o. Then by almost identical techniques to those used to
prove (4.6) (replacing the local central limit theorem by Lemma A.6), we obtain that

P {Z?:(rner)Jrl 5? =n—1-s,— 2111 kl}
P {Z?:mﬂ §r=n—1-snf

—exp | - (1 + 8p — T +mo? + 31 (ki — (1 +02))
V202(n — (ry, +m))

2
) +o(1) +o(1). (A.15)

Recall that, for i € [m], & is sample from the size-biased distribution of . We claim that
instead of substltutmg &y L& in the place of ki,...,k;, we can substitute &1,...,&n.
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Indeed, by Corollary A.10, the total variation distance between &7, ..., &7 and &1, ..., &y,
tends to 0 as n — oco. Therefore, by (4.8), we obtain that (A.15) tends to exp(—(t20?)/2)
in probability as n — oo. This convergence is analogous to (4.8) in the proof of Lemma
4.4.

It remains to establish an analogue of (4.9), i.e.,

[ n—rp—i+1 n wm T [ n—rn—i+1\ p <t202>
—  E =E P X , (A.16
E(n—l—zz;ﬁéy [“) ) E(n—l—zz;ﬁ@)%p 2 ) 1)

as n — oo.
By Lemma A.8,

E["] =E[{+0n ) =1+0n"?%),

and so, since m = (1 + o(1))ty/n, we obtain that E["]™ = 1 + o(1). Therefore (A.16)
follows from (4.9). ~

We now prove uniform integrability of the family (@nnr"’sn (€7, ..., €"))n>1. Again, by
the generalised Scheffé lemma [19, Theorem 5.12], since @™ (¢F,..., &%) 5 1 it suffices
to show that E [©™*" (¢],...,&%)] — 1 as n — oo. By Proposition A.4 with f =1,

Zn: §f:n—1—sn}, (A.17)

i=rn+1

E [0 (& )] = {N > m 7, (X) >m

where ¥ = EZ with

Z=(Z1y.. s Zy) = (diy .oy €8 qy e ED)

such that d; = s,, and da,...d,, = 0. (Indeed, any fixed choice of di,...,d,, with
Soim, di = sp, would suffice.) To see that the probability on the right-hand side of (A.17)

tends to 1 as n — oo, first note that IV 4 Binomial(n — 7y, 1 — po) where r, < n°. So even
after conditioning on the event {} 1" | & =n—1—s,}, which occurs with probability
O(n~12), there are (14-0p(1))(n—7ry,)(1—po) non-zero entries of (& 15+, &n). Therefore,
to prove uniform integrability it remains to show that 7, (X) = wp(y/n).

To see this, observe that for any k € [n],

P{r, () =k+1|(Zsay -+ Zsw)), Ta(E) >k} = ST e Zz
i=k+1

Since Z contains (1 + op(1))(n — r,)(1 — po) + 1 positive entries, this denominator is
(14+0p(1))(n—71yp)(1 — po) + 1 uniformly over all £ < m = O(y/n), and all labeled random
reorderings of Z. Moreover, since s, = o(y/n) by assumption,

P{r, () =k+1]|7, () >k} =on?),

uniformly across all £k < m. The claim follows by summing these probabilities over k < m,
since by the above P {7, (£) > k} = (1 — o(n~'/?))¥, and in particular for T > 0,

P {7, (2) > Tvn} = (1 —o(n~1/?)TV", (A.18)

which tends to 1 as n — oo. O

A.3. Remaining results. To control the restrictions of the discrete snake introduced in
the proofs of Theorems 1.1, 1.3 and 1.4 we require a couple of technical lemmas. The
first of these results shows that if we truncate the displacements of the discrete snake by
n'/(4=m=9 then the global moments agree with assumption [A1] in the limit.
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Fix n € (0,2], and § € (0,1/(4 —7n)). Forn > 1, and k > 1 let
Y = (Y = {(Y’%l’ s Vi) i maxygjep Vi < nt/7070
’ 0 else.
Lemma A.11. It holds that
B[] | = 0 (s

and furthermore as n — oo,
yn ,0 2
Var( £ Ug) — p=.
Proof. First, observe that by Holder’s inequality, there exists a constant ¢ > 0 such that

2/3
3113 p —2(4—n)/3
P{lngax Vel >?J} <E[¢] {gggc_!Ys,i\ >y} < ey 2,

Then, by global centering

5
‘E {KEnUJ ‘ - ’E [YéUél[ma"lgigé|Yé,i|>”1/(4_")_6]} ‘

[ee]
= /0 P {‘Yg’Uﬁ’l[ma"léigé|Yé,i‘>"1/(47">76} = y} dy
< pl/a-n)- 5P{max ¥, > nt/0- 6}
1<i<é
—i—/ P{max\YgZ|>y}dy
nl/(4—m)—3 1<i<
< epl/@=m=3 0 1/(A=n)=6\=2(4-m)/3 _ ____ ¢ [ —2(4—77)/3+1] °°
= (n ) 2(4—n)/3—1 " o1/ (4=m=s

—0 ((nl/(4*n)*5)1*2(4*n)/3> ,

as claimed.
As for the variance,

var (v ) =B | (vzi0) | - (Bv])
&EUg) &,Ug &,Ug

2
_ 2 a
=E [Y Ug [maX1§i§§ |Y§’,¢|Sn1/(4_’7)_‘5]} -k {Y&Ugl[maxlgigg |Yg,i\§n1/(4_”)_5}]

2 ] _ a2
- E [Y57U5] =5
as n — o0, by dominated convergence and the result for the mean. O

The above lemma pertains to snakes where the displacements which are above nt/(4=7)-9
are all set to 0. The next lemma in this section will help us to understand the asymptotics
of the head of the discrete snake where displacements which are below n'/(4=M=9 are set
to 0. More specifically, we present a tail bound for the size of a set of marked vertices
in random trees, which we apply in Proposition 5.5 where the marked vertices pertain to
vertices v € v(T,) \ OT,, for which ||[Y¥)||o > n!/(4=1)=0,

Lemma A.12. Letd = (dy,...,d,) be a degree sequence, fiz B C [n| and write K = |B|,
and A = maxj<j<nd;. Let By be the smallest distance between two vertices in B that

are ancestrally related in Tq = B(Ilq) (with Bq = oo if no vertices in B are ancestrally
related). Then, for any b >0

P{Bdgb}§K<1—<1_n_fl(ébA>b>.
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Proof. Tt suffices to show the statement for integer b since for general b, P {By < b} =
P {B4 < |b]} and the upper bound is increasing in b.

Fix a degree sequence and a set B. Without loss of generality, assume that B = {n —
K+1,...,n}.

For v € [n], let p(v) be the parent of v in Tq (with p(v) = v if v is the root of Tq). Also
set p°(v) = v and recursively for k& > 1 define the k-th ancestor of v as p*(v) = p(p*~1(v)).

We will show that

P{{pl(n),..,7pb(n)}ﬁ{n—K—i—l,...,n—1} :v)} > (1—&)13, (A.19)

after which the statement follows by symmetry and the union bound.

We will prove (A.19) by induction. To ease notation, write p*¥ = p¥(n) for k > 0. For
(i, ) such that i € [n],c € [d;] write II; (4, ¢c) for the position of (i,c) in Iq.

We will define a sequence of o-algebras (Fj)r>0 such that for each k£ > 1, F is the
o-algebra generated by the first k ancestors of n and the positions of their corresponding
entries in Ilq. Let, Fo = o(II*(n,¢) : ¢ € [dy]) contain the information on the position of
vertex n in Ilg.

If d, = 0 and {II"(n,c) : ¢ € [d,]} = 0 then n is the final vertex in the final path of the
line-breaking construction, and the last entry of Il gives its parent. Thus, in this case,
we reveal II4(n — 1) and we have Ilq(n — 1) = (p*, ) for some ¢’ € [d,1]. Then, we reveal
all other entries of the form (p',¢), ¢ € [du] in Il and this yields Fi.

If d,, > 0, then set mg = min{II ' (n,c) : ¢ € [dy]}. If mg = 1 then n is the root of Tq
so p' = n for all £ > 1, and so we let Fy = Fy for all £ > 1. Otherwise, the entry before
the first occurrence of an entry of the form (n,c),c € [d,] in Il gives the parent of n so
then we obtain Fj as follows. We reveal I1q(mg — 1). In that case IIq(mg — 1) = (p, )
for some ¢’ € [d,,1]. Secondly, we reveal all other entries of the form (p',¢), ¢ € [d,] in IIg
and this yields Fj.

For k > 1, given Fy, let

my, = min{II;" (p¥, ¢) : ¢ € [d]}-

If my, = 1 then pF is the root of Tq so p¢ = p* and we take Fp = Fy, for all £ > k. If my, > 1,
we obtain Fj 1 as follows. First, we reveal IIq(mg—1). In that case IIq(mg—1) = (p**+1,¢)
for some ¢ € [d,k+1]. Secondly, we reveal all other entries of the form (p**,¢), ¢ € [dp+1]
in Iy and this yields Fjy1.

Now, observe that, for k& > 0, given Fj, the unrevealed entries of II§ occur in an order
given by a uniformly random permutation. So given Fj, if my > 1 the k-th ancestor of n

is the first coordinate of a uniformly random sample from

{GG,0) i e N\, 0"}, c € [dil}

and
P{ptle{n—K+1,..,n=1} | o', 0 {n—K+1,....n-1} =0}
dn—K+1+ -+ dn KA
_ - < :
n—1-—3%dy n—1-(k+1)A

If my, = 1 then the conditional probability above is 0 so the inequality also holds.
Therefore, we see inductively that

P{{pl,...,pb}m{n—K+1,...,n—1}:(ZJ} f[( _Iffm>

o b
< n—l—bA) ' =
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We finally prove the “only if” statements in Corollaries 1.7 and 1.8.

Lemma A.13. Suppose that pn = (p)k>1 s a critical offspring distribution with variance
02 € (0,00), and y*P{¢ >y} A 0 as y — oo. Then the convergence statements in
Corollaries 1.7 and 1.8 do not hold.

Proof. 1t suffices to show that there exists € > 0 such that P {maxi<ij<, D > en1/4} # 0
as n — oo, since then (at least down a subsequence (ny)) with positive probability some
vertex has a displacement which shows up on the scale of n!/4. Our proof of this is requires
a case analysis depending on whether or not E [53] is finite.

First suppose E [63] = oo. Fix e € (0,1/24); then P {§ > nl/?’_e} > n~ (19 for infin-

1/4

itely many n. Since n'/3=¢ > n'/4, for such n we have

1 " ¢
P{max&s?zl/‘*}s(l— - ) <e™,
1<i<n n+—¢

and since P {3°7_, & =n — 1} = O(n~Y/2), it follows that

n

Z&;:n—l}zo(l),

1<i<n 1<i<n ,
i=1

P{max Dy §n1/4} :P{max & §n1/4

as required.
Next suppose E [53] < oo. For any € > 0, by assumption we have

nP {§ > en1/4} 40
as n — o0. So there exist § > 0 and a subsequence (ny) such that
npP {5 > 6n}1€/4} >4

for all kK > 1. Now
P { max D]' < 6n1/4}
1<i<n
~ P{maxicicn & < en*}P{YL & =n — 1 maxi<i<pn & < ent/4}
P{} i &=n-1}
- (1-pfe> ) TIELE S nmsab <o)
P{} i &=n-1}
We now use that if X is a non-negative random variable with finite third moment, then
E [X1x>y] = 0 ast — oo. Since E [X?1jx5y] > tE[X?1y5y] and E [X31x5y] >
t’E [Xl[th]], this implies that E [X21[X2t]] = o(t™!) and E [Xl[th]] = o(t™2) as
t — oo. Letting £ be a random variable distributed as € conditional on & < en!/4, it follows
that [E [€"] — 1| = o(n™1/2) and |Var {¢"} — 0?| = o(n~'/%) and |E [(€")®] —E [¢}] | = o(1)
as n — oo. An application of the local limit theorem from Lemma A.3 then yields that
P {Z?:l &z =n — 1‘ maxi<i<n fz < en1/4} _ P {Z?:l é—? =n— 1} -
P{} L &=n—1} P{} L &=n—1}

as n — oo. Along the subsequence (ny) we have

<1 -P {5 > en,lv/zl})nk < exp <—nkP {f > en,lg/‘l}) <ed<1

and the result follows. O

1
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