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I. Prehistory. A) Euclidean percolation

I Example: Nearest neighbour
graph on Z2.

I Edges augmented with
i.i.d. uniform [0, 1] r.v.s.

I Fix p, 0 < p < 1, and keep
only edges of weight at most
p. (Call the rezult Z2

p.)

I Here p = 0.6.
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I. Prehistory. A) Euclidean percolation

I A phase transition occurs at
p = 1/2.

I Write Cp for the component
of Z2

p containing the origin.

I p < 1/2: all components are
finite, and E|Cp| <∞.
(Subcritical case)

I p > 1/2: with probability 1
there is a unique infinite
component, which contains a
positive proportion of the
vertices. (Supercritical case)

I p = 1/2: there is no infinite
component∗ but E|Cp| =∞.
(Critical case)
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I. Prehistory. A) Euclidean percolation
I Last 20 years: breakthroughs

on understanding component
interfaces in 2D critical
percolation.

I Key role: Schramm-Loewner
Evolution SLE(σ): Loewner
evolution driven by Brownian
motion with diffusivity σ.

I Percolation interfaces
described by SLE(6).

I Universality: choice of lattice
should not matter

I But so far we only know the
SLE(6) story for the
hexagonal lattice, which has
special “conformal”
structure.
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I. Prehistory. A) Euclidean Percolation

(Some open problems.)

I Proving that critical percolation on Z2 behaves like critical
percolation on the hexagonal lattice would be a big deal.

I In all dimensions d ≥ 2 there is a critical probability
pc = pc(Zd) ∈ (0, 1) such that for p < pc there is no infinite
component and for p > pc there is an infinite component.

I Probably the most famous open problem in probability: Prove
(or disprove) that

P(Zd
pc contains an infinite component) = 0 .



I. Prehistory. A) Euclidean Percolation

(Some open problems.)

I Proving that critical percolation on Z2 behaves like critical
percolation on the hexagonal lattice would be a big deal.

I In all dimensions d ≥ 2 there is a critical probability
pc = pc(Zd) ∈ (0, 1) such that for p < pc there is no infinite
component and for p > pc there is an infinite component.

I Probably the most famous open problem in probability: Prove
(or disprove) that

P(Zd
pc contains an infinite component) = 0 .



I. Prehistory. A) Euclidean Percolation

(Some open problems.)

I Proving that critical percolation on Z2 behaves like critical
percolation on the hexagonal lattice would be a big deal.

I In all dimensions d ≥ 2 there is a critical probability
pc = pc(Zd) ∈ (0, 1) such that for p < pc there is no infinite
component and for p > pc there is an infinite component.

I Probably the most famous open problem in probability: Prove
(or disprove) that

P(Zd
pc contains an infinite component) = 0 .



I. Prehistory. B) The Erdős–Rényi random graph
G (n, p): Take vertices labelled 1, 2, . . . , n and fix p ∈ [0, 1]. For
each pair of vertices, put an edge between them with probability p,
independently for different pairs.

This is percolation on the complete graph at parameter p.The Aldous-Broder algorithm

1

2

3

4

5

6

We will consider the case where p = c/n for a constant c > 0, so
that a single vertex has a Binomial(n − 1, c/n) number of
neighbours, with mean approximately c for large n.
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Erdős–Rényi random graph
Let p = c/n and consider the largest component (vertices in green,
edges in red).

n = 200, c = 0.4
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The phase transition

Theorem. (Erdős and Rényi (1960))
For G (n, c/n) the following statements hold with probability
tending to 1 as n→∞.

I If c < 1, the largest component contains O(log n) vertices.

I If c > 1, the largest component contains Θ(n) vertices and
the rest contain O(log n) vertices each.

p = 1/n is the critical point.

Both of us worked on problems related to the Erdős-Rényi phase
transition during our doctoral degrees.
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First contact: Fields Institute, Toronto

Participant list - remarks.

? Louigi Addario-Barry, McGill
? Yuri Bakhtin, Toronto
? Martin Barlow, UBC
? Noam Berger, UCLA
? Marek Biskup, UCLA
? Nicolas Broutin, McGill
? Dimitrios Chelliotis,Toronto
? Antal Jarai, Carleton
? Chris Hoffman, UWASH
? Ander Holroyd, UBC
? Russell Lyons, Indiana
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? Bruce Reed, McGill
? Benedek Valko, Toronto
? Balint Virag, Toronto
? Gordon Slade, UBC
? Ofer Zeitouni, UMN
? X. Zhou, Concordia
? Robin Pemantle, UPENN
? Christina Goldschmidt, Cambridge

I My supevisor mis-spelled
my name...

I Only 6 junior people (4
students, 2 postdocs)...

I Only 1 woman...

I We were both feeling
somewhat out of place.

I Important: Nicolas
Broutin was also there
(much of our joint work is
with Nic).
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II. First contact: Fields Institute, Toronto
First interaction.
There were several open problem sessions. I presented an open
problem I had heard about earlier in the term. From this paper:

The open problem: For z = (z1, z2, z3) ∈ Z3, write pn(z) for the
probability that a random walk starting at the origin is at z after n
steps.

If z1 + z2 + z3 is even then (p2n(z), n ≥ 1) is a unimodal
sequence. (N.B. Still open!!)

I suspect the reason I asked this was because Russ Lyons was
giving a talk about unimodularity, and I didn’t know the difference
between unimodularity and unimodality.

Everyone basically ignored me, except Christina. She came over
and suggested trying to prove that the sequence was in fact
log-concave. I didn’t know what that meant so I ran away. (The
paper actually addresses this precise question: “... attempting to
show unimodality via log-concavity is futile, since these functions
are often (perhaps always?) log-convex in the tail”.)
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III. Oxford

[By Diliff - Own work, CC BY 2.5, https://commons.wikimedia.org/w/index.php?curid=1284604]



Excitement!

LAB to NB: I just got the exciting news that

Christina Goldschmidt (we met her in Toronto) will be

coming to Oxford for a(nother) postdoc starting in

March, which is exciting.

-- December 5, 2006.



Medawar



Culture clash...

LAB to CG: It was good to see you the other day.

Looking forward to more lunches together and

hopefully also to spending frustrating but ultimately

productive hours in front of a blackboard together.

-- April 23, 2007



A seminar by Jean-François Le Gall



Back in Paris in 2004...



IV. Convergence of metric measure spaces

Let (Mn, dn, µn)n≥1 be a sequence of (random) metric spaces
(Mn, dn) each endowed with a probability measure µn on (the
Borel sets of) Mn.

We want to give a notion of convergence for such a sequence. In
order to do this, we will sample points from Mn according to µn
and then look at the matrix of pairwise distances between them.

Idea: as we select more and more points, we get better and better
(finite) approximations to the true space (Mn, dn). If each sequence
of finite approximations converges, we say that the spaces do.
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IV. Convergence of metric measure spaces

Fix k ≥ 2 and let Un
1 ,U

n
2 , . . . ,U

n
k be independent random

variables, each with distribution µn. For 1 ≤ i , j ≤ k , let

Dn,k
i ,j = dn(Un

i ,U
n
j )

and let Dn,k = (Dn,k
i ,j )1≤i ,j≤k .

We will say
(Mn, dn, µn) −→ (M, d , µ)

as n→∞ if, for each k ≥ 2,

Dn,k −→ Dk

in distribution as n→∞. N.B. If the metric spaces (Mn, dn, µn)
are random then the matrices Dn,k have “two levels” of
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A key example: random trees

Let Tn be the set of trees with vertices labelled 1, 2, . . . , n.
Cayley’s formula: |Tn| = nn−2.

Choose a tree Tn uniformly at random from Tn.
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What does the tree look like as n gets large?
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Convergence of the uniform random tree

Theorem. (Aldous (1991))
As n→∞,

1√
n
Tn

d→ T

where T is the Brownian continuum random tree (CRT).



The Brownian continuum random tree

[Picture by Igor Kortchemski]



Convergence of the uniform random tree

Fix k ≥ 2, take the uniform random tree Tn and pick k
independent uniform random vertices, V n

1 ,V
n
2 , . . . ,V

n
k .

k = 6:

V n
2

V n
3
V n

5

V n
4

V n
6

V n
1



Convergence of the uniform random tree
The matrix of pairwise distances between these independent
uniform points is

Dn,k =


0 dist(V n

1 ,V
n
2 ) · · · dist(V n

1 ,V
n
k )

dist(V n
2 ,V

n
1 ) 0 · · · dist(V n

2 ,V
n
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...
...

...
dist(V n

k ,V
n
1 ) dist(V n

k ,V
n
2 ) · · · 0



Aldous’ theorem says that for each k ≥ 2, as n→∞,

1√
n
Dn,k d→ Dk

where Dk is the matrix of pairwise distances between k uniform
points in T .

The 1/
√
n scaling says Tn is in some sense 2-dimensional: n

points, diameter of order
√
n.
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Line-breaking

Take E1,E2, . . . ,Ek independent and identically distributed
Exponential(1/2) random variables, i.e. P (E1 > x) = e−x/2. For

j ≥ 1, let Cj =
√∑j

i=1 Ei .

C1 C2 C3 C4 C5 C60

Consider the line-segments [0,C1), [C1,C2), . . . , [Ck−1,Ck).

Start from [0,C1) and proceed inductively.

For 2 ≤ i ≤ k , attach [Ci−1,Ci ) at a random point chosen
uniformly over the existing tree.
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Line-breaking

Dk is the matrix of pairwise distances between the k leaves in the
line-breaking construction.

For increasing k , the line-breaking construction gives a sequence of
better and better approximations to the Brownian CRT. One way
to define the tree is then as the metric space completion of the
increasing limit as k →∞ of the sequence of approximations.
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Universality

The convergence result is, in fact, much more general, in that (up
to a constant scaling factor) very many random trees have the
Brownian CRT as their scaling limit.

I uniform unordered unlabelled rooted trees

I uniform unordered unlabelled unrooted trees

I Galton–Watson branching trees with offspring mean 1 and finite
offspring variance, conditioned to have size n

I random trees with a prescribed degree sequence satisfying certain
conditions

I random dissections

I random graphs from subcritical classes.

In particular, all these objects are in some sense “2-dimensional”.
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Back to Oxford: the starting-point of our project

We realised we could apply this theory to the setting of the critical
Erdős–Rényi random graph.



V. The critical Erdős–Rényi random graph
We saw earlier that the Erdős–Rényi random graph G (n, p)
undergoes a phase transition when p = 1/n. What happens exactly
at the critical point?

We start by considering the sizes of the components. We will also
be interested in the surplus of a component, that is the number of
edges more than a tree that it has.

A component with surplus 3:
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V. The critical Erdős–Rényi random graph

Image by Nicolas Broutin.



V. The critical Erdős–Rényi random graph

Let Cn
1 ,C

n
2 , . . . be the ordered component sizes of G (n, 1/n).

Let Sn
1 , S

n
2 , . . . be the corresponding surpluses.

Theorem. (Aldous (1997))
As n→∞, we have jointly that

1

n2/3
(Cn

1 ,C
n
2 , . . .)

d→ (C1,C2, . . .)

and
(Sn

1 ,S
n
2 , . . .)

d→ (S1,S2, . . .),

where C1,C2, . . . ∈ R+ and S1,S2, . . . ∈ Z+ are random variables
with an explicit (but complicated) distribution, such that
P (Sk = 0)→ 1 as k →∞.



Component convergence

This theorem tells us the limiting rescaled sizes of the components,
and that they are quite close to being trees. Indeed, most of them
really are trees!

Suppose, for the moment, we know that the vertices v1, v2, . . . , vm
form a tree-component of G (n, 1/n). Then that tree is uniform its
vertex-set (which we may as well think of as {1, 2, . . . ,m}).

So we should be thinking about rescaling by m−1/2 in order to see
a limit, which will be the Brownian CRT.

Since components have sizes on the order of n2/3, we should
rescale by n−1/3.
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Component convergence

What about components which aren’t trees? Again, if we know
that v1, v2, . . . , vm form a component of G (n, 1/n) with surplus
s ≥ 1, that component is uniform among the possibilities.

So we need to understand the large-m behaviour of a uniform
random connected graph on m vertices with surplus s.
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Cycle structure

Let’s first look into the cycle structure.



Cycle structure

Core C (G )



Cycle structure

The kernel K (G ) is the multigraph which gives the “shape of the
core”: take the vertices of the core of degree 3 or more; contract
the paths between them to a single edge.

(By convention, the kernel of a tree or unicyclic component is
empty.)
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Cycle structure

Vertices of degree at least 3 in the core



Cycle structure

Contract paths between them



Cycle structure

Kernel K (G )

Note that the kernel has the same surplus as the original graph.
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Scaling limits for uniform connected graphs

Theorem. (A.-B., Broutin and G. (2010, 2012))
Let Us

m be a uniform connected graph with vertices labelled by
1, 2, . . . ,m and surplus s ≥ 1. Then

1√
m
Us
m

d→ U s ,

for a random limit object we will construct in a moment.



Scaling limits for uniform connected graphs

Image by Nicolas Broutin.



Scaling limits for uniform connected graphs

Again, this convergence means that if we sample k uniform
random points and look at the matrix of pairwise distances
between them, that matrix converges on rescaling by m−1/2.



Construction of U s for s ≥ 2. Step 1: The core.
I Take 2s − 2 labelled vertices and assign each one 3 half-edges.

I Pair the half-edges up uniformly at random to make full edges,
conditionally on the multigraph obtained being connected.

I Let (Y1,Y2, . . . ,Y3s−3) be the lengths of the subintervals into
which [0, 1] is split by throwing down 3s − 4 independent
uniform random variables.

I Sample Γ ∼ Gamma( 3s−2
2 , 1

2 ) and scale the ith edge of the

multigraph so that it gets length
√

ΓYi .
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Construction of U s for s ≥ 2. Step 2: Line-breaking.

I Sample E1,E2, . . . independent Exp(1/2) random variables.

Let C0 =
√

Γ and, for j ≥ 1, let Cj =
√

Γ +
∑j

i=1 Ei .

I Now perform line-breaking starting from the core, and
recursively gluing line-segments [Cj ,Cj+1] uniformly over the
structure built so far.

I Do this forever, then take the completion of the limit; the
result is U s .
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Construction of Us for s = 1.

Needs to be handled separately because the kernel is empty.

Step 1: The core

I Start from a lollipop shape of total length
√

Γ where
Γ ∼ Gamma( 3

2 ,
1
2 ).

I Split that length uniformly between the cycle and the stick.

Step 2: Line-breaking

I This step works exactly as before.



Scaling limit

Putting this together with Aldous’ theorem yields a scaling limit
for the whole critical Erdős–Rényi random graph.

Let Gn
1 ,G

n
2 , . . . be the components of G (n, 1/n) in decreasing

order of size.

Theorem. (A.-B., Broutin and G. (2010,2012))
As n→∞,

1

n1/3
(Gn

1 ,G
n
2 , . . .)

d→ (G1,G2, . . .)

where G1,G2, . . . are conditionally independent given the sizes

(C1,C2, . . .) and surpluses (S1,S2, . . .) with Gi
d
=
√
Ci USi .







Timeline

I Jean-François Le Gall’s seminar in October 2007.

I Project crystallized in spring 2008.

I LAB moved back to Montréal in summer 2008.

I Major progress in September 2008 during a visit of NB and
CG to LAB at Université de Montréal.

I Finished first paper in March 2009. Less than 2 years! Math
is not fast, but this actually feels like it did come together
quickly.

I (On the other hand, that paper didn’t appear in print in a
journal until 2012!)

I Finished follow-up paper in March 2010.



Universality

Our scaling limit has subsequently been shown to be universal, in
that a whole host of different critical random graph models have
essentially the same limit.



VI. Minimum Spanning Trees

I Introduced by Bor̊uvka in 1926.

I His formulation: Given the complete graph Kn together with
distinct non-negative edge weights {we , e ∈ E (Kn)}.

I Seek the unique connected graph T that minimizes the total
length

∑
e∈E(T ) we .

I Necessarily T is a tree: the minimum spanning tree of Kn

with these weights.

I For random edge weights, the structure of the minimum
spanning tree of Kn is intimately connected to that of the
critical Erdős-Renyi random graph.

I We used this connection to study the metric space limit of the
minimum spanning tree.
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critical Erdős-Renyi random graph.

I We used this connection to study the metric space limit of the
minimum spanning tree.



VI. Minimum Spanning Trees

I Introduced by Bor̊uvka in 1926.

I His formulation: Given the complete graph Kn together with
distinct non-negative edge weights {we , e ∈ E (Kn)}.

I Seek the unique connected graph T that minimizes the total
length

∑
e∈E(T ) we .

I Necessarily T is a tree: the minimum spanning tree of Kn

with these weights.

I For random edge weights, the structure of the minimum
spanning tree of Kn is intimately connected to that of the
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The metric space limit of the minimum spanning tree

I Set-up: Kn, independent Uniform[0, 1] edge weights
{Ue , e ∈ E (Kn)}.

I Rescale the resulting MST so each edge has length n−1/3.
Call the result Mn.

Theorem (Addario-Berry, Broutin, Goldschmidt, Miermont
2013)

As n→∞, Mn −→M in distribution, for a limiting random
measured metric spaceM.

I Work started in 2011; published in 2017
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Grégory Miermont



2011 - Nicolas Broutin’s wedding

Photo by Luc Devroye



Kruskal’s minimum spanning tree algorithm

I Order edges in increasing
order of weight as
e1, . . . , em.

I For each i , add edge ei
unless doing so would
create a cycle.

I The result is the
minimum spanning tree.
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Kruskal’s minimum spanning tree algorithm

I Any time an edge is not
added, its endpoints are
in the same component.

I So at every step, the
components are the same
as if we added all edges.
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Kruskal - Percolation coupling

Recall set-up: Kn, weights {Ue , e ∈ E (Kn)} are iid Uniform[0, 1].

I G (n, p): only keep edges of Kn of weight less than p.

I M(n, p): only keep edges of Mn of weight less than p.

I Key property: G (n, p) and M(n, p) have the same
components.
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Key property: M(n, p) and G (n, p) have the same components.

Everything interesting occurs when p ∼ 1/n.

I G (n, 0.99/n) → all components have size O(log n).

I G (n, 1.01/n) → unique “giant” component, of linear size;
large scale structure already formed.

I G (n, 1/n): the breakpoint. MST structure is built here.
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Proof idea

Key property: M(n, p) and G (n, p) have the same components.

I GHP limit of components of G (n, 1/n) already understood.

I Components of G (n, 1/n) all have O(1) cycles (most are
already trees).

I The largest components of G (n, 1/n) have size Θ(n2/3) and
diameter Θ(n1/3) – this is the reason for the scaling in the
theorem.

I Can use an MST algorithm called cycle breaking to relate the
structure of M(n, 1/n) to the (already understood) structure
of M(n, 1/n).

I Cycle breaking is dual to Kruskal: instead of adding edges
(unless they would create cycles), remove edges (unless they
would cause disconnections).
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Cycle breaking on the core

? Choose the largest weight edge in the core, try to remove it.

? It turns out that for components of G (n, p), this edge is equally
likely to be any edge of the core.
? In the limit, we’re choosing a random point on the core.
? This operation may or may not break a cycle.
? But it certainly breaks a path in two.
? Repeat until all cycles are broken.
? Now glue all the pendant trees back on.

Result: MST of a component of G (n, 1/n) can be built (in the
limit) by gluing randomly rescaled Brownian continuum random
trees along the edges of a random discrete tree.
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limit) by gluing randomly rescaled Brownian continuum random
trees along the edges of a random discrete tree.
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Wrapping up

Result: MST of a component of G (n, 1/n) can be built (in the
limit) by gluing randomly rescaled Brownian continuum random
trees along the edges of a random discrete tree.

Because p = 1/n is the critical point for the Erdős-Rényi random
graph, and due to the coupling between the random graph
(percolation) process and Kruskal’s algorithm, proving convergence
for the minimum spanning trees of components of G (n, 1/n), as
sketched on the previous slide, is the main step in proving
convergence of the full minimum spanning tree Mn to a limit M.
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Universality of the minimum spanning tree limit. . .

. . . still an open problem in general!



That’s not the whole history of our collaboration and friendship. . .



Oxford, 2014



Oberwolfach, 2017Eric Fusy
Joint work

Guillaume

Chapuy



Montreal, 2018



Some thoughts

I Talk to one another! You have something to offer that the
other person doesn’t.

I Don’t be scared. (More realistically, recognize that it’s normal
to be intimidated by other mathematicians, and that many
others in your immediate surroundings are probably feeling the
same way.)

I Being exposed to math is good even if you don’t understand it
all. You can’t know in advance which math will come in
handy later. Knowing what’s out there will help you recognize
what tools you can use in your own work.

I Recognise the role of chance if you succeed!
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